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Physics and Machine Learning

> Machine learning for physics
o Since the very beginning ...
« Fitting models to experimental data
« Data denoising

— e.g. linear regression 1) = ax + b

o Recent deep learning “revolution”

- Many sophisticated application
(main topic of this school)

[> Statistical physics for machine learning
o Inthe 80s
« Use the statistical physics toolbox

o to study toy models of learning (mainly)
o to design new learning algorithms

o Since mid 2010s: New wave of interest
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Some puzzles of modern machine learning

Google le Net — inputs 112 X 122 pixels — ~7 millions parameters

caaflaafayy

Szegedy et al, CVPR 2015

> Efficient optimization in non-convex settings

pe,e;\,.1';
> Generalization in the « over-parametrized » regime <
| .
0 <« - i » i
y(x, 0 | = over-parametrized » regime y(x,0)
1 good fit S T overfitting
citas Pt X T Y
“ \‘50 ° (E " ‘.L"
.~.__ Q) [ J Q
@ : @
)
> Q) > I
« classical regime » # parameters / model flexibility

dilemma biais-variance , ,
Belkin et al PNAS (2019), Spigler et al J-Phys A (2019)
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Study simple ‘solvable’ models:
the startegy of physicists (but not only!)

> Example: The perceptron — one neuron model T2
[ ]
y=+1 1 . Iinea/rly separable
. [ ]
y = sign(w ' x) . W pad
/7
X € RD w uy \ d ’S T
° // ° o
/./ ° Y = —1
4 °

> First possible question: What is its capacity? How many data points can it fits?
o Training data: in general position

(« linearly independent >>){X(/<)};(\/_1 1.0 T
B — N=65
fiGd — N=250
T . — No +
o Probability random labelling
is linearly separable { y(k)}l;:/:1 06
(Cover 1965) o
o As a function of "
#£ training points N 0.0 1 _ ﬂ
o= 4 parameters - D 100 125 150 /175 200 225 250 275 3.00 D

phase transition! @tz = 2

Cover, T. M. (1965). Geometrical and Statistical Properties of Systems of Linear Inequalities with Applications in Pattern



Perceptron’s capacity reloaded: y =sign(w'x) 6
Statistical physics computation x<®” | w J=v

training data
> Volume of weight parameter space satisfying the labelling D = {0 xUNN_

N
Vor= [ aw [Io0:9:w) v >0 ¢
Q(w k=1 . \

\

each new data point at least one solution!
= constraint/interaction for the weights

\/D N X ||m / dW e_ﬁ Zzlzl (y(X(k),W)—y(k))2

Vo ny o< Iim / dw e_BE(W'{X(k)'Y(k)}) effective energy function
, B——+oo Q(w)

> Why is this hard?  high-dimensional + depends on training set

Gardner, E. (1987). Maximum Storage Capacity in Neural Networks
Krauth, W., & Mézard, M. (1989). Storage capacity of memory networks with binary couplings



Disordered systems physics and applications to 7
learning

] 4
> Two types of random variables / / / / /

o state of the system se R
spins

« learning parameters »

« data {X/, )//},Nzl [ 2

o disordered interactions N .
JeR = constraint on parameters to learn »

couplings

> Boltzmann weight: p(s|J) = e_E(S;J)/ZJ normalisation: Z :/ ds e E(sY)
Rd

o ex:spinglass E(s;J)=— E :JUS/SJ Jii ~N(J;j; 0,1/ N) Sherrington - Kirkpatrick
j J
(i) : : (1975)
disordered couplings

> Asymptotic computations 1

+ concentration on typical states  |im EJ[% log Z,| ~ y logz, d>1
d—00

disorder average

Replica computation, variational mean-field methods, high-temperature expansion ...
Physics: Edwards & Anderson (1975), Thouless Anderson Palmer (1977) Mézard, Parisi, Virasoro (1986), etc ...
Mathematics: Talagrand (2006), Panchenko (2014), Subag (2017) etc ...

Amit, Gutfreund & Sompolinsky (1985), Gardner (1987), Derrida &
Nadal (1987), Peterson & Anderson (1987), Krauth & Mézard

(1987), Gyorgyi (1990). Opper, M Haussler, D. (1991) etc ...

> Application to learning since(80s-90s)



Perceptron’s capacity reloaded: ) — sign(wTx) 8
Statistical physics computation ccre | v Duy

> Volume of weight parameter space satisfying the labelling

: — (k) (k)
Vb Ny o 52'1] / dw e BE(w, {x(.y13) disorder variables?
©JQ(w)

> Asymptotic computation using the replica method:

o Fixscalng =2 %;tr;;nri:ieizirr;ts = g Vie) = lim Ecy[Vowml

o Fix distribution of data/disorder V() =0
Gaussian inputs p(x\¥)) = N(x:;0,1) e =2
Binary inputs p(x,.(k)) + 1, binary weights w; € {—1,1} a. ~ 0.83

Cover, T. M. (1965). Geometrical and Statistical Properties of Systems of Linear Inequalities with Applications in Pattern
Gardner, E. (1987). Maximum Storage Capacity in Neural Networks
Krauth, W., & Mézard, M. (1989). Storage capacity of memory networks with binary couplings



Introduction recap J

> Take into account 3 elements to understand
the successes of deep learning

Data
Model

[> Statistical mechanics of learning focuses on
simple solvable models

Algorithm

y = sign(w ' x)

x € RP w my

> With the help of methods
developped for disordered systems

1 | | | 4

1 1 first example:
lim E,[—=log Z,] ~ —log Z, Compute the capacity of perceptron,
d—oo ~d d how many samples randomly sampled
/ / / / / can it classify?
Vo,

v




Scope of today’s lecture

Discuss classical and recent litterature to give you an idea of what can be
studied in machine learning with the statistical mechanics point of view.

> The teacher-student paradigm
> Models of data structure

> Dynamics of learning

10



Teacher-Student paradigm: pata
A toy model to study generalization

Model

> Data-generating model: Teacher pga Algorithm
input distribution + input-output rule training data
p(y|z) _ g (k) (KN
px(m) T w™ mYy

o Can we fit the data?
o Can we recover the teacher rule?

RD
1. Choose a model
ground truth parameter distribution Pw (w*) 2. Choose an algorithm
> Learning model: Student Model > Learning strategy?  Algorithm
ex: matching teacher N ) )
optimal model to o Loss minimization min > e <y( ), (! ),w))
learn the data! k=1
Z w m g o Bayesian posterior N
p(w|D) o [ [ p(y™|w, ™ )p(w)
k=1

Given the training data and a priori on the student,
what information do we have about the student?



Bayes optimal generalization error
(perceptron + Gaussian or binary input)

> When student model = teacher model, the setting is Bayes optimal

assuming square loss

> Bayes optimal generalization error: &, =E,, pE, ,[(y — 9(x, w))?]

« Mean error over the data if drawing the student
parameters from the posterior distribution »

> Using the same tool as discussed before

(disorder average, thermodynamic limit, replica computation)

jim Ep{gg(p)} — &)

N——+o00 N—o0

w; € R sparse
1 \

Obtimal‘; T — 1
S 08|
(O]
S 06t
&
s 04|
2
02| I
3 0.2
0 | ' | ' ‘ ' | ' ' 0
0 05 1 15 2 25 3 35 4 45 5

(04

0.8 1

0.6

04

7 training points N

o
# parameters D

W; + 1
first order phase
transition to perfect
recovery
Optimal
w=w"
0 0.5 1 15

o
Gyorgyi, G. (1990). First-order transition to perfect generalization in a neural network with binary synapses
Krauth, W., & Mézard, M. (1989). Storage capacity of memory networks with binary couplings

Barbier, J. et al. (2018). Phase Transitions, Optimal Errors and Optimality of Message-Passing in Generalized Linear Models

12



What about other (practical) algorithms? 13
How to train in practice?

x € RP
H . . T
> Gradient descent  Algorithm y = sign(w ' x)
For instance binary classication problem w my
e.g. Logistic regression
w; € R sparse w; + 1
1 T T T L ) . ] T
_ Optimal and SF —— 1 computational gap
% 0.8 | LogisticN=10* = | 08} “hard phase”
S 06 06 | Co —
T . s &
'(—E 0.4 r 04 | i
2 .
g 02t 02 | Optimal
0 0 Logistic,N=1 0* = 1
0 0 0.5 1 1.5 2

> Message passing algorithms (among them belief propagation) Aigorithm

o Related to some mean-field computation methods
o Performance predicted with the same tools (think disorder averaged) state evolution (SE)

o Optimal among polynomial time algorithms for preceptron — computational gap

Barbier, J., et al (2018). Phase Transitions, Optimal Errors and Optimality of Message-Passing in Generalized Linear Models.



A first 2-layer architecture: committee machines 14

teacher | . student _ .
y = sign(w, sign(Wy'x)) y = sign(w, sign(W1x))

training data
x € RD Wl* @. y — D= {y(k)’ X(k)}szl — Wl @. y

z e RX

z e RX

_ _ _ _ K = 2, binary weights
> High-dimensional scaling D — 4+ Goo =< (Wi)o,.; Wh)o.. >
do1 =< (Wi)o,.; Wh)1,. >

#£ training points N ~— 0.25 1.0
# parameters D S
| | = 0.20 0.8
K = # hidden layer units = O(1) =
= 0151 0.6 o
> Bayes optimal generalization 2 ; =
8 0.10- ; F0.4 §
im & {5 (D)} S &(a) E ! O
Nortoo LS9 N—»00 J % 0.05 1 : - 0.2
© |
. . 000 —F T OO
> Message passing algorithm 0 1/ 2 N\ perfect
specialization transition! specialization O generalization

Schwarze (1993). Learning a Rule in a Multilayer Neural-Network.

Schwarze & Hertz (1993). Generalization in Fully Connected Committee Machines.

Monasson et gl (2004). Learning and Generalization Theories of Large Committee-Machines

Aubin et al (2018). The committee machine: Computational to statistical gaps in learning a two-layers neural network



Another multi-layer example: Random features 15
+ not matched student and teacher

> Student: Alike a 2-layer neural network ~ Model student
Rahimi, A. and Recht, B. Neur/PS 2018
-

o Leamnamap = [ (w2 oc(Wiz))

o Weight parameters w, € R, 11, e RP*P Wl (w2 ]my

o First weight matrix fixed and random ~ teacher
(e.g., i.i.d. Gaussian entries) RD
RP
T I6; mY
> Teacher: Data perceptron y= fo(8' =)
.. . . = 5 A 2 RD
> Training objective ~ min, > £(y" 2" w) + o wlf;
weR —

> Gibbs posterior formulation 5 (w | {z*,y*}) = ZLG—B[ZL€<y“7w“~w)+%llwllé]
8

ZB

\ J J

_ —Bﬁ(y ,ch- 'w)H —@w2

~ N~

=P, (y|lw-z+) =Py (w)



An important intermediary result:
Gaussian equivalence principle

> Generalization error in the high-dimensional limit

Gausian input x ~ N(0,Ip)

input dimension D - oo
# parameters P oo N/D =a=0(1)
# training samples 1 _, D/P =~=0(1)

lim & = E,, [(fO(V) - fW)Q]

N—o0

where the scalar fields are jointly Gaussian. “\ = ws T o(Wiz)”

> Compute covariance of Gaussian fields?

16

RD

y= 28" z)

o random matrix theory tools or replica method from statistical physics!

Karoui, N. El. (2010). Annals of Statistics, Mei, S., & Montanari, A. (2019). ArXiv 1908.05355. Gerace, F., et al ICML

(2020), Hu, H., & Lu, Y. M. (2020). ArXiv 2009.07669. Goldt, S., et al (2020). ArXiv, 2006.14709



Generalisation error

Generalisation error

Generalization in the random features model

17

N 1 - 5 A\ ) x |W; w2 | MY
min — (y“ —w U(Wla:“)) + —||lwl|3
weRP i1 2
RD \
: ificati Data P
Regression teacher | Data Classification teacher R
. T .
sign(@ «) with prob. A
T : -
y=06 xT+e withe~N(0, A) Y . - .
—sign(B ' x) with prob. 1 — A
double descent! slight double descent
2.0
A=10"8 5 A=10"*
15 5 4
$ 031
0.5 1 S
O]
0.0
Gaussian projection Orthogonal projection Gaussian projection Orthogonal projection
107 Optimal A 5 Optimal A
0.8 1 § 0.4
0.6 }‘%
0.4 g 0.3 -
[0
0.2 O]
0.0 Of5 1:0 1?5 2?0 215 3.0 0.0 Of5 1?0 1?5 2;0 2?5 3.0
p/n p/n

double descent cancelled by appropriate regularization

Gerace, F., et al ICML (2020)



The teacher-student paradigm: Recap °

> The teacher-student scenario consist in creating
simple synthetic problem of learning

teacher student

_ * T N T
y=o(w x) training data y=o(w x)
XNN(O,/D) B = (X(k),y(k)) — .5/‘

[> Matched teacher and student: Bayes optimal setting.
Information theoretic limit is not always achievable in
reasonnable time: computational gaps.

1

w T T
n

08 | ‘hard phase” |

examples:
perceptron +
committee machine (2-layer)

0.6

0.4 |

02 | Optimal

Logistic,N=1 o*

0 oo o o o

0 0.5 1 1.5 2

> In mis-matched case we can observe the’
double descent phenonenon in
overparametrized model.

X W1 |
example:
perceptron teacher w. QUESTIONS?
random feature student RP



Scope of today’s lecture

Discuss classical and recent litterature to give you an idea of what can be
studied in machine learning with the statistical mechanics point of view.

> The teacher-student paradigm
> Models of data structure

> Dynamics of learning

19



Towards more realistic models of data 20

> Sturcture in between the input and outputs
(e.g. Neural network teacher models)

D D x
x €R W my xR 1% lE:vly

[> Structure in the input

solvability / = > degree of structure /

interpretability '
P 4 white noise ? CIFAR images realism




Simple model for data structure:
Salient and weak features model

> Structure in the inputs P2 x ~ N(0, )
2 cases: - isotropiques 2y = Iq4
- anisotropique ¥ — 0x,11¢:d 0
structurée 0 Ox21¢,d

Dat@ 21
Model

Algorithm

weak subspace
A

T 6
S,

™~
~
N,
|~

»
»

-
-
\\~ =

salient subspace

x € RY

[> Structure input-output (teacher) and learning model (student)

(as we just discussed)

teacher
y = fO(IBTX) x Yy

fraining data

—

> Generalization error (high-dimensional limit)
(replica computation)

D= {x,yi}L, —

student
V= F(@TO'(WX)) z W my

Rd RP

Eg = Ex [(Y(X) - y(x 9))2] ~ lim Eglip [Eg] = Egula 7, 0x12, 0p.12)

(d—=o00,P—=00,N—o0,vy=P/d=0(1),a=N/d=0(1))

d’Ascoli, S., Gabrié, M., Sagun, L., & Biroli, G. (2021). More data or more parameters ? Investigating the effect of data

structure on generalization. ArXiv Preprint, 2103.05524.



Effect of data structure on double descent 22

| - [sotropic
- structured

generalization error

-1 | //
10 ] theoryd— o

simulations d = 100

T T T R T TEAN TS
P/D

# parameters / # input dimension

[> The structure in the data is detected during training before the overfitting peak

> Double descent is exacerbated by the data structure when aligned with the task



Interplay between data structure and loss function 23

In classification 1/2 Data
Model
teacher student
y=sign(B'x) .y y=FOTo(Wx)) = |[w] |6)as
RP

Algorithm

Rd Rd

N
. A
> Training objective min > £(y*, x*,6) + S1I615 Agorithm

P
6eR =
. overfitting peak attenuated
square loss logistic loss
0.51 —_— - [sotropic 051 - : - [sotropic
~di,, ——— Misaligned [~ e ——— Misaligned
0.4 TN 0.4
7 2
: 0.3 ’5_; 0.3
7 ?
0.2 2 0.2
0.1 0.1
0 b , . : , - - 0L . ' ! ' . -
00 6=""102 1o 100 10! 102 10 00 =102 161 100 10! 102 10
P/D P/D

logistic loss takes most
advantage of structure



Interplay between data structure and loss function 24
In classification 2/2 Data
Model
teacher student
y=sign(B'x) .y y=FOTo(Wx)) = |[w] |6)as
Algorithm
R d N R J R f Wcak‘iubspacc
_ . . : A 2 = 6]
> Training objective ergﬁr)) Zﬁ(y“,x“, 0) + E||9||2 Pr— T K
M= 1 I‘\\ ,I; salic'nt subspac
x € RY T
Real data
T
. | I g
o : 9391 : -+ hi?ﬁ;;'?lfogistic
. I square 0.45 1 : —}— MNIST square
o 0.3 _ Jogistic = : —f}— CIFARI10 logistic
s : 9 E 0.40 i —— CIFARI10 square
7 —— Noiseless logistic [ + 0.35 :
ES = Noiseless square _ : Eﬁ |
—— Noisy logistic I F0.30 i :
0.1 — Noisy square I I square 0.251 . i\'\:
- = [sotropic <« /OgiSﬁC . | — —
103 1072 10! 109 10! 102 10° = ; | ] ]
Teacher-data alignment rg 02 0.50 11'/03 2.00 4.00

[> Simple solvable model helps intuition further confirmed by real data experiments



Towards more and more realistic data in the o5
analysis: trained generative models

Data
Model
> Using pretrained generators in synthetic data models
G Learned from
enerator ..
training data Algorithm

> ¢ - W'*I-')%(A)

Feature Student i
w S A prediction
map projection

™~ W—»—)I—a» Pov)

B Dimension — oo
Latent Teacher

variable ¢ projection v label W Dimension finite
Gaussian equivalence principle here crucial!
> Example: 0 — RF, ratio=1
Predicting random features learning on CIFAR e
) o 0.9
Real £
0.8
Generated

0 1 2 3 4 5
sample complexity
Goldt, S. et al (2020). The Gaussian equivalence of generative models for learning with shallow neural networks. MSML



Models of data structures: Recap

> With simple models of data structures we can
start to understand its impact on generalization

weak subspace

salient subspace

i palS

{\

, A
N \

»
Y
,r
’/
A«

x € RY

> Synthetic (trained) model can mimic real data
and remain amenable to analysis

Generator

QUESTIONS?

26



Data

More analysis of algorithms? Mode

Algorithm

> (Stochastic) Gradient descent??

N
1

o Loss L(0)= N E Ly, y(x9, 0)]

k=1 t L(9)

o Gradient update 0"t « 9t — nV,yL(0Y)

27



Scope of today’s lecture

Discuss classical and recent litterature to give you an idea of what can be
studied in machine learning with the statistical mechanics point of view.

> The teacher-student paradigm
> Models of data structure

> Dynamics of learning

28



- . . . 29
As soon as in the 90s: Analysis of online learning

> Online gradient descent

o Streamofdata (xM), yM) (x@ ) .. (xK) Ly L each sample seen once,
size of dataset = # iterations

o Parameter update with each sample w**1 = wk — anL(Wk; (X(k)1y(k)))

> Analysis principle: perceptron example

teacher . student
training data

y =o(w"'x) Y =a(wx)
x ~N(0, Ip) mYy — (xR (k) — xecRP my
* 1 ~ 2 1 *T T 2
o Square loss for one sample [ (x;w, w*) = 5 (y(x) —9(x))" = 5 (o(w"'x) —o(w'x))

o Parameter update w'' —w'=n(c(w* x) —o(w'x)) Vo(w'x)

o Continuous time limit + high dimensional limit + disorder variable average
made possible by having uncorrelated samples at each update !
Biehl & Riegler. On-Line Learning with a Perceptron, 1994, Biehl & Schwarze. Learning by on-line gradient descent, 1995.

Riegler & Biehl. On-line backpropagation in two-layered neural networks, 1995. Saad & Solla. Exact Solution for On-Line
Learning in Multilayer Neural Networks, 1995. Saad & Solla. On-line learning in soft committee machines. 1995.



. . . . 3
As soon as in the 90s: Analysis of online learning ’

teacher student

y=o(w'x) fraining data y=o(w'x)
> Analysis principle: perceptron example x~ (o, 1) By (x0 y0) .y

T (k) — (KT, (k) » N
o Follow training in terms of overlaps &~ =W~ W self overlap

RU) = w* Tk « teacher-student overlap »

o Continuous time limit + high dimensional limit + disorder variable average

wtt —wh =ndt (o(w* ' x) — o(w'x)) Vo(w'x)

([ dR

— closed set of equations dr = gr(R : Qt) different convergence rates for
on the overlaps ) different learning rate
dQ 0.25 T T T T
- Rt’ Qt R n=0.1 o
. dt gQ( ) 02 2:(2)13 s
n=50 +
o 0.15 -4
o Generalization error: (1)
1 2 0.1
£, w7) = Bx | 2 (1) = 90, w)
2 005 - 2 ©
_ (k) k) TR, TBEeo o
89(R @ ) N—>+:,th—>0 5g(t) ¢ ;

0 2 4 6 8 0t
Biehl & Schwarze. (1995) Learning by on-line gradient descent.



Committee machines online dynamics Data 31

> Two layer model with finite number of hidden units

+ possibly more/less hidden units in student (K) than teacher (M)

teacher
y = (w 'a(Wix))
training data
x € RP Wi IE. y — (x(k), y(k)) —_—
zeRM

> Define overlaps again () — /10, T ¢ RK*M
QK — WY T c RKxK

[> First only learning first layer + matched models "
Wo = Wy 10774

specialization transition: 210721

student neurons match teacher neurones
— escape plateau in dynamics

10—3_

10—4_

Goldt, S. et al (2019). Dynamics of stochastic gradient descent for two-
layer neural networks in the teacher-student setup. Neural Information
Processing Systems, Neurips. 1906.08632.

Model

Algorithm

student
¥ =(wm'o(Wix))

Wi @ly

z e RX

generalization
— Eq(t)




Committee machines online dynamics: pata 32
overparametrization and feature learning Mode

teacher student
y = (w; Ta(Wix)) y = (w2 o(Wix))
€ RO D) — Eﬁ’ﬂ”}%g?ta _’ @. y Algorithm
z € RM ;€ RX
M=2 K= 5
> Over parametrization Q. ke

not helping if the second
layer is not learned!

| ]

> Feature learning = both layers

in the analysis

(a) 101f W2* — (1, 1, 1) E RK (C)
10°; i Rin
10714 ®) o 0 -
_ K=1 ! 1 % 10-11
“‘)3310 2 ] K=2 ~ 2 ~ D 0.5 cmlo
10—3 ] — K=3 3 3
] K=4 4 4
107%y K=5 0 1 2 3 4 0.0
0 1
1075y — K=6 ' : :
1 2 3
10-1 10! 103 105 - Z=KM
steps / K/ N overparametrization beneficial
°o 2z 3 4 by denoising!

Goldt, S. et al (2019). Dynamics of stochastic gradient descent for two layer neural networks in the teacher-student setup. Neurips.



Can we go beyond online gradient descent? 33
Analysis of multi-pass stochastic gradient descent

Involved but possible in simple models
> Use of dynamical mean-field theory (DMFT)

Mézar, Parisi, Virasoro (1987), Sompolinsky, Crisanti, Sommers (1988) etc...

> Example: Perceptron classification of Gaussian mixtures

. . - T >
Data Model student Algorithm mmln z; L(y,o(w x))+ X||wl|
=

y=0o(w'x)

* At each time sample in the mini-batch with probability b:**
X my

N
with —wt = ndtZskVL (y, O'(WTX(k)))
k=1

Effect of the batchsize Effect of regularization
0.5 # = 0.5 S
e b=1 0;100 e A=0 E>’~1oo o
0.4 - b=03 T 0.4 4 A=01 T
b=0.1 S 60 A= 3 60
0.3 —— Theory S 0.3 — Theory ® 40
c o Bayes— o 5 c o Bay_es— 2 5
g optimal = % optimal =
W 0.2 o 0 25 50 75 100 W 0.2 o 0 25| 50 75 100
= t = t

Mignacco, et al (2020). Dynamical mean-field theory for stochastic gradient descent in Gaussian mixture classification. Neurips



Dynamics of learning: Recap 34

> The dynamics of online gradient descent
can be studied in simple models by a set of
closed ODEs on the overlaps

% — gR(Rt, Qt)
E4(RW, QMR L &)
d —+400,dt—0
d—(f = go(R", Q")
> In the committee machine training, we can
describe the onset of the specialization transition
(b) 10°4
> Dynamical mean-field theory can help e
study batch grandient descent and 7
understand the impact of batch-size 10

0.5

=1 oo
—— >.100
0.4 —4— b=0.3 S
b=0.1 3 e
0.3 —— Theory S0
c | | ____ Bayes- =3
@ = onti g2
o optimal <,
o 25 50 75 100

& I QUESTIONS?

0 20 40 60 80 100 120

(%)
Q




Simple solvable models — what to focus on? 35

> Models of data « teacher » Data
Model

Algorithm
solvability / >  degree of structure /
interpretability — pie nojse ? CIFAR images realism
> Architectures
« student »
x . et et bt
]RD
amenability = > power of fit /
to analysis . realism
y perceptron ? CIFAR images
> Algorithms
amenability » closeness to
is N modern practice
to analysis online gradient descent ? mini-batch ADAM pract



Broadening use of “mean-field approximations” 36

In deep learning literature

> “take advantage of concentration effects thanks to randomness in the large size limit”

* Analysis of statistical inference performance

Reviews: - Zdeborova & Krzakala (2016) Statistical physics of inference: Thresholds and algorithms.
- Gabrié (2020) Mean field inference methods for neural networks.

* Signal propagation in deep neural networks
- Trainability of very deep network at init. e.g., Schoenholz et al.(2017). Deep Information Propagation.
- Separation of structured data
e.g., Cohen, et al (2020). Separability and geometry of object manifolds in deep neural networks.
* Role of over-parametrization in trainability with Gradient Descent methods
- Convergence of SGD for 2-layers neural networks
Chizat & Bach (2018), Mei, Montanari & Nguyen (2018), Rotskoff & Vanden-Eijnden (2018)

- Neural Tangent Kernels, Equivalence to Gaussian processes, “Lazy training”
Jacot et al (2018), Lee et al (2019), review: Bahri et al (2020) Statistical Mechanics of Deep Learning

- Online Iearning e.g., Goldt, et al (2019). Dynamics of stochastic gradient descent for two-layer neural networks
in the teacher-student setup

* Landscape, algorithms and interactions

Dauphin et al (2014). Identifying and attacking the saddle point problem in high-dimensional non-convex optimization
Sarao Mannelli & Zdeborova (2020). Thresholds of descending algorithms in inference problems.
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Sketch of a replica computation 41

> Replica trick

0

1 © 2 — R
ug (w | {ah,yh}) = Z_ﬁe—ﬁ[zileaw,w w)+3 [[wl]|3] EplogZs = lim - EpZ,

. . diverging dimension
> Rewritten in terms of order parameters

dpdp dm“d dngd(jab dqfubdq Po(™
Eanyry 25 = / / H / 11 = 21

1<a<b<lr

replica potential

> Saddle point equations

(

7ﬁs,i — 20—xzaar5llp (R7 7M) Ts,i = 287»52\11 (rs,iqu,z’?mS,i,fw;Cjw)
st,i - 20'::31&8%1\1} (R 7M) 4s,i = __aqSZ\IJ (Ts,zacjs,iams,iaff'wadw>

S ms,i = O'x,zaams,@qj (R7 7M) ms i = 1ams i (Ts,ia (js,iyms,iaf’qwa Qw)
T‘Aw = —20487«1” \I’y(R, Q, ) Tw — —28 \If (Ts,ia (js,ia ms,i, fw, qu>

\ (jw = —2048qw \I’y(R, Q, M) quw — —28@” ‘I/w (’/A’S’i, qu’i, TArLs’i, fw, Cjw)

> Order parameters are precisely what we need

1 1 1
Mg; = lim EEMB [(’UJQW1);I—,32] qs,i = lim _EMB [(wgwl):(wgwl)ﬁ} s qu = lim FE'UJ'B [’LUT’LU]

P—oo

Mezard, M. Parisi, G. & Virasoro M. (1986). Spin Glass Theory and Beyond; Gabrié M. J-Phys A (2020); Gerace F., et al
ICML (2020); Ascoli S., Gabrié M., Sagun L., & Biroli G. (2021).



On a different note:

A statiscal mechanics inspired learning algorithm
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Learning representations with RBMs 43

> Definition Restricted Boltzmann Machine (RBM):
Pairwise interactions input-hidden units

.CL’lZO,l t N M l

X 1 2 beimit 3 beatatd Wiazita
p(X,t) — E 6221 a=1 a,t

p(x) = / dt p(x,t) —— Effective interactions all orders
ta = 0,1

> Unsupervised learning:

D:{X(k)}P:1
- o a o

E‘ learn sample ~ p(x)
E 0 = {bxa bt7 W} : p
st B 1B Hpa Qg
> Applications: o L
Pretraining of deep networks Biophysics models bm
Wl t]_ W2t2 W3 MANY-BODY PHYSICS
Quantum physics Solving the quantum many-body
X problem with artificial Pt

neural networks —

Giuseppe Carleo' and Matthias Troyer"?



Learning in Restricted Boltzmann Machines
(RBMs)

> Maximum likelihood learning

P
((W,b,,b;) = H p(X(k)) Probability of training data

' t ent t!
according to RBM gradient ascen

> But intractable exact inference

t
X

Zb z$+z bta 04+ZWzo¢xt
E% 2= Zez o — 2MHN terms |

> Approximations
> Approximate Monte Carlo: Contrastive Divergence (Hinton 2002) state-of-the-art

> Mean-field strategies ?

- Without hidden units: (Kappen, 1999; Cocco & Monasson, 2012; Ricci-Tersenghi 2012 etc ..)

only naive

- With hidden units: (Tieleman et al. 2009; Salakhutdinov & Hinton, 2009) )
mean-field

Can we use other mean-field methods to ease inference and learning ?
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From Naive mean-field (NMF) to 45
Thouless-Anderson-Palmer (TAP) approximation

L
N Zj
— E b;x; — E Wijﬂfiﬂfj z; =0,1
i=1 3,7

o Free energy functional at fixed magnetizations ({z;)m = m; ) + without

interactions ~ " — 0" = easy to compute
52
—BG(m) = Hymr(m) + B E»b;m +4 Z Wigmamg + = Wi;* (mi — m)(m; — m3)
entropy NMEF I
TAP |
o Select magnetizations of minimum free energy
oG 9. o 1 9
I =0=>m;=0 !ﬁbi + Zj:mzfl\z/gl:%g B Wi (mZ — 5) (m, — m])]

(Thouless, Andersson & Palmer 1977, Plefka 1982, Georges & Yedidia 1999)



Maximum likelihood training with TAP 46

> High-temperature = small weights

> InZ~ —G(m)

> Compare TAP/MCMC (CD) approx of likelihood and gradients
pseudo log-likelihooldg-likelihoo®@AP log-likelihood

Binarized
M N IST pseudo ! ¢ EMF
Units x Samples Units x Samples TAP
OE hpg ot NMF

. - o i
Al .| A Wl i o
AT

E| E‘ -0.08 | ~0.08 | /
B| ‘ comparable

-0.10 | -0.10 | s
m| n‘ running times

~0.12 | ~0.12 | ¢

0 10 20 30 40 50 0 10 20 30 40 50
x 600 parameter updates x 600 parameter updates
Further checks:

> No significant improvements with more orders / AdaTAP

> Extends to real-valued variables
(M.G., E. Tramel & F. Krzakala NIPS 2015)



Following the learned TAP representations 1/2 47

Bbi+ ) BWiami, — B2W;;° (mf - 1) (Mg, — my 2)]

€T
m; < o 5
TAP|

TAP fixed points with trained weights and biases
for different initializations

Now for a naive-MF machine

/|0|2/2|23]/|£345|0/5
1|75 72|73 P06/

61#5|¥/950/2|2|+ 5,02
1309661710686 523

(M.G., E. Tramel & F. Krzakala NIPS 2015)




Following the learned TAP representations 2/2 48

Evolution of magnetizations in configuration space (2d projection)
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(ETramel, M.G., A. Manoel, F. Caltagirone, F. Krzakala, PRX 2018)



Beyond training: Application for reconstruction 49

> Reconstruction problems > E.g. compressed sensing (CS)
channel RY sparse signal
signal  P(Y|X)  observation y =Fx+ f K << N
@ Q few observations
= 7 D Moo N L V=784 pixels
non-i.i.d.

> Exploit prior information 20 +

typical signals
40 +

"
<
B| |m| AMP algorithm é
~ TAP for CS S el
B + : :
‘E train RBM RBM TAP equations *
80 T
RBM learned representations Lool

improve drastically reconstruction

v

(D.L. Donoho et aL 2009, E. Tramel et al. JSTAT 2016, E. Tramel, A. Manoel, F Caltagirone, M.G., & F. Krzakala ITW 2016)



