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Leveraging generative models to assist Monte Carlo sampling
(An example of scientific computing assisted by modern machine learning techniques)

Marylou Gabrié
March 17, 2026

Foreword

My objective here is to write something that will be useful beyond the evaluation of my
“Habilitation à diriger des recherches”. Having worked consistently on the topic of sampling with
generative models since 2019, I have witnessed the field evolve from a few pioneering works to
a very active area of research. While I cannot hope to be exhaustive given the current pace of
development, I will try to give a snapshot of the early chapters of the story of sampling with
generative models, reviewing and placing in perspective the contributions I have been involved
in along the way. The works I co-authored in are marked by an extra [*] in the citation label.

I was very lucky along the years to be able to collaborate with many talented researchers and
students who have nourished my understanding of this field. I am greatly indebted to them and
I hope that this manuscript will be a valuable resource for researchers, students and practitioners
interested in this exciting area of research.
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1 Introduction

1.1 Why sampling? Why is it hard?

Sampling and its challenges Sampling is a fundamental task in scientific computing, as it en-
ables the efficient approximation of high-dimensional integrals. In observational and experimental
sciences, for instance, sampling is essential for uncertainty quantification and model calibration
through Bayesian inference. In theoretical physics, sampling is an indispensable computational
tool for studying many-body systems across a broad spectrum of applications, ranging from
lattice gauge theory for the strong nuclear force to quantum Monte Carlo methods for solving
the Schrödinger equation or investigating the thermodynamic properties of materials.

The task of sampling consists in generating realizations of a random variable according to a given
target distribution. In this manuscript, we focus on the common setting where the state space is
continuous and the probability density function—denoted by π throughout—is known up to a
normalization constant. Sampling from π shares certain features with optimization: both require
identifying the most probable regions of the state space, typically located near local maxima
of the target density. Crucially, however, sampling must also correctly capture fluctuations
around these maxima and reproduce the relative weights of different regions. It is therefore a
fundamentally different problem from optimization, with its own intrinsic challenges.

The first modern sampling algorithms emerged in the early 1950s, enabled by the advent of digital
computers. The Metropolis algorithm [MU49; von51; Met+53] was the first Markov Chain Monte
Carlo (MCMC) method and laid the foundation for a vast family of techniques that followed.
Since then, an extensive literature has developed, proposing a wide variety of algorithms tailored
to the diverse challenges arising across application domains and target distributions (see, e.g.,
[Liu04] for a comprehensive introduction).

To this day, two major sources of difficulty remain central: scalability, the ability to handle high-
dimensional target measures, and metastability—also referred to as multimodality—the presence
of multiple well-separated local maxima. MCMC methods can often cope with moderately high-
dimensional spaces by exploring the state space through random walks. However, their essentially
local exploration mechanism typically makes transitions between distant high-probability regions
exponentially unlikely. As a result, the chain may remain trapped for extremely long times in
so-called metastable states. A striking illustration is provided by protein folding: although the
folded configuration corresponds to the global minimum of the Boltzmann free energy, locating
this free-energy minimum by sampling the associated Boltzmann distribution with traditional,
local molecular dynamics or MCMC methods is essentially impossible in practice, as the dynamics
remains trapped for astronomically long times in long-lived metastable intermediates.

Important families of sampling algorithms to tackle metastability in high dimension To clarify
why metastability is such a difficult problem, it is useful to briefly review the main families of
sampling algorithms that have been developed to address it.

Non-local jump samplers. As previously mentioned, Markov Chain Monte Carlo (MCMC) methods
typically rely on local proposals. While this ensures reasonable scalability with dimension, it
severely limits mixing in the presence of metastability, making transitions between modes
exponentially rare. To address this issue, various approaches have been proposed to incorporate
non-local moves. In certain specific settings, remarkably effective solutions have been developed.

In lattice spin systems with discrete variables, cluster algorithms such as the Swendsen-Wang
[SW87] and Wolff [Wol89] updates enable collective moves of large groups of spins and can
dramatically accelerate sampling close to the critical region despite of a diverging correlation
length. In the context of particle systems, several non-local strategies have also proven highly
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effective. Swap Monte Carlo [GP01; Ber+19]—which proposes exchanges of particle identities in
addition to local displacements—can accelerate equilibration of glass-forming systems by many
orders of magnitude. Event-chain Monte Carlo [BKW09], a rejection-free irreversible algorithm
that propagates displacements through chains of particles, has likewise led to major improvements
in the simulation of dense particle systems.

The statistics literature has attempted to construct general-purpose mode-hopping proposals
[TH01; PHŁ20]. However, designing effective non-local proposals in general is challenging, as it
requires identifying high-density regions that occupy an increasingly small fraction of the state
space as the dimension grows. Simple parameterizations of such proposals, such as Gaussians or
mixtures of Gaussians, typically fail in high dimension, since these approximations remain too
crude and lie too far from the true target distribution.

Annealing-based samplers. A powerful family of methods for sampling complex distributions
is based on tempering, or annealing. The central idea is to define a sequence of intermediate
distributions that bridge a simple base distribution and the complex target distribution. This
bridge is typically constructed by gradually increasing an effective temperature or weakening
interactions between variables until reaching an independent (product) measure. The resulting
path is then exploited to progressively transport samples toward the target, which can substantially
improve exploration in multimodal settings. Among the most widely used tempering-based
methods are annealed importance sampling (AIS) [Nea01], parallel tempering (PT, also known
as replica exchange) [SW86; Gey91; HN96], and sequential Monte Carlo (SMC, also known as
population annealing) [HI03; DDJ06].

Despite their effectiveness, annealing methods present practical challenges. The choice of a
suitable annealing path and of the number of intermediate distributions can have a decisive
impact on performance. Self-adaptive SMC [CP20] provides a principled mechanism to adjust the
number of steps dynamically and is among the most effective algorithms currently available for
multimodal targets. However, annealing methods may still struggle when the reference measure
differs too drastically from the target distribution. In protein conformational sampling, for
example, high-temperature annealing may lead to complete denaturation, so that configurations
obtained at high temperature carry little useful information about the folded state. Similarly,
in statistical mechanics, the presence of a discontinuous (first-order) phase transition along the
annealing path can break the connection between high- and low-temperature regimes, rendering
the bridge ineffective. Thus, while annealing-based samplers represent the state of the art for
addressing multimodality, alternative strategies remain necessary — in particular in situations
where constructing a suitable annealing path is difficult, or where one may hope to bypass
annealing altogether through more direct and potentially more efficient approaches.

Dimensionality reduction to enhance sampling. Another classical strategy to tackle high-
dimensional multimodal sampling problems consists in identifying a low-dimensional projection
of the full configuration space — often referred to as a set of collective variables (CVs), or
equivalently a coarse-graining of the system — that resolves the different modes of the target
distribution. Sampling across these modes is then driven by forcing the exploration in the
CV space which is typically of much lower dimension than the full space. These approaches,
particularly popular in molecular simulation, come in many variants; a recent review can be
found in [Hén+22]. However, these techniques face two major challenges. First, they are typically
restricted to very low-dimensional CV spaces, as they rely on non-parametric estimation of the
marginal distribution in the reduced space, which becomes rapidly intractable as the dimension
of the coarse-graining increases. Second, identifying an appropriate set of collective variables

— that is, a suitable low-dimensional projection capable of separating the relevant metastable
states — is itself a difficult task, especially under stringent dimensionality constraints.
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Building on recent advances in machine learning, a new paradigm for sampling has begun
to emerge, leveraging the expressive power of generative models to learn complex probability
distributions and produce representative samples. In the following, we aim to present the main
ideas and results in this rapidly developing field. In what sense do these methods overcome
the limitations discussed above? How can they be combined with classical approaches? What
challenges and open questions remain?

1.2 Generative models for sampling

Generative modelling vs sampling Let us first clarify the difference between generative mod-
elling and sampling, as these two terms are often used interchangeably in the literature. Generative
modelling consists in learning a probabilistic model – namely the generative model – given an
extensive set of samples from an unknown distribution. It is a fundamentally data-driven task
of density estimation, where the goal is to learn a model that can generate new samples that
are similar to the training data, this similarity being not necessarily well-defined1. In contrast,
sampling is the task of generating samples from a target distribution whose probability density
function is known (possibly up to a normalizing constant). The task is different in two funda-
mental ways: (i) instead of a large dataset, information must be extracted from the knowledge
of a mathematical expression and little if any data is available; (ii) the objective is to produce
samples that are exactly distributed according to the target measure, which has a well-defined
mathematical meaning.

Generative models for scientific computing Generative models are highly flexible probabilistic
models typically parametrized via deep neural networks that were primarily developed for
generative modelling tasks on images and text generation with the incredible successes we know.
They have also already proven successful in data-driven computational tasks in physics and
chemistry, such as protein folding with AlphaFold [Jum+21] and predicting protein-ligand binding
structures [Cor+23]. Here, we will discuss how generative models are also proving to be powerful
tools for sampling.

Pioneering works in this direction [LW18; AKS19; Noé+19] have demonstrated that subclasses
of generative models, namely normalizing flows and autoregressive networks, can rather easily
be repurposed for exact sampling by enabling the computation of reweighting of the generated
realizations with respect to the target measure. Proofs of concept have been shown for various
areas of physics and chemistry, including lattice quantum field-theories [Abb+24], biomolecules
[Noé+19] or, in sampling nano-clusters of heavy atoms at quantum accuracy [Mol+24*].

These early successes have also uncovered important limitations of such direct reweighting
strategies, and have spurred the development of more sophisticated approaches. As a result, a
broad landscape of methods has emerged, ranging from refined flow-based constructions to the
most recent diffusion models adapted to sampling tasks. This diversity has created a rapidly
evolving “zoo” of techniques in which conceptual connections are not always transparent and
methodological differences can be subtle. In this manuscript, we survey a representative subset of
these approaches with the aim of clarifying their underlying principles, highlighting their common
structure, and emphasizing the trade-offs they entail. While striving to remain concise, we focus
on the core ideas and main results, and refer the reader to the original works for technical details
and further developments.

1For one thing, the distribution most faithful to a training dataset is the sum of Dirac deltas at the training
points.
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Previous partial reviews of sampling with generative models As the field continues to gain
momentum, any attempt at exhaustiveness would be futile. Nevertheless, assembling the first
chapters of this rapidly developing story can be valuable, particularly for newcomers seeking an
entry point into the subject. As of March 2026, the field is evolving at a fast pace, and new ideas
have already appeared that are not covered in the present manuscript.

We would also like to point to several works that have already attempted to summarize specific
aspects of the field. Chapter 7.2 of the textbook [Daw+25*], coordinated by Anna Dawid
following a doctoral school on machine learning for quantum physics held in September 2021,
reviews early developments in the use of generative models for many-body physics. The lecture
notes by Eric Vanden-Eijnden for the Les Houches Summer School on Statistical Physics &
Machine Learning (August 2022) introduce foundational principles of sampling with generative
models [AV24]. The commentary [Cor+24] discusses the pioneering work [Noé+19] on Boltzmann
generators and its immediate extensions. More focused reviews include [Cra+23], which surveys
advances with specific applications to lattice quantum chromodynamics, [He+25], which places
different diffusion-based sampling approaches into perspective and [Ols26], which reviews the use
of generative models for molecular dynamics simulations.

1.3 Outline of the manuscript and my journey in the field

The “pipeline” of sampling with generative models can be decomposed into three main stages,
which will guide the structure of this manuscript. The first stage (i) consists in choosing a
suitable family of generative models, typically a transport-based model such as a normalizing
flow (NF) or a diffusion model.

Section 2 briefly reviews this class of generative models, both for completeness and to
introduce the notations used throughout the manuscript. It also recalls how these models
are traditionally trained from data in the standard “generative modelling” setting.

The next two stages in sampling with generative models are (ii) training the generative model
in the specific context of sampling, where no data is available, and (iii) designing sampling
algorithms that leverage the trained model to generate samples from the target distribution.
These two stages are closely intertwined. In particular, as we will see, the training procedure can
itself exploit the sampling capabilities of the generative model. For this reason, the exposition
does not strictly follow the chronological order of the pipeline, but instead adopts an organization
that we believe makes the underlying ideas clearer.

Section 3 focuses on the design of exact sampling algorithms, assuming that a generative
model has already been trained. This section concentrates in particular on algorithms based
on “discrete-time” NFs, which were the first generative models to be used for sampling
and provide a transparent setting to understand the core principles. We move from early,
straightforward reweighting strategies to more sophisticated approaches aimed at extending
the scope of these methods, notably in the presence of metastability.

Section 4 then takes a step back to examine the training of generative models for sampling.
Starting with procedures originally developed for “discrete-time” NFs, we discuss how these
ideas extend to more recent classes of models, such as continuous normalizing flows and
diffusion models.

Section 5 returns to the design of sampling algorithms, this time focusing on recent
developments involving “continuous-time” normalizing flows and diffusion models.

Taken together, these sections provide a general review of the early chapters in the development
of sampling with generative models. Along the way, they discuss several contributions to which I
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have been directly involved, in particular in sections 3 and 4. For the purpose of this Habilitation,
references to my own works are explicitly highlighted with a [*].

The final sections adopt a more personal perspective.

Section 6 presents selected applications of generative models for sampling in machine
learning and chemical physics. These works, carried out in collaboration with colleagues
and students, illustrate the practical potential of these methods for addressing challenging
sampling problems.

Section 7 concludes with perspectives on the field and points to directions of interest that
were not covered in this manuscript.
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2 A brief introduction to transport-based generative models

Here, we briefly introduce the different types of generative models used to assist Monte Carlo
sampling, while introducing the notation employed throughout this review. We focus on tasks
lying in continuous state spaces, generically denoted by X , which we assume to be a subset of Rd.
The models presented below belong to the class of deep latent generative models, which transform
samples drawn from simple base distributions into complex outputs. Originally, deep latent
generative models–such as variational autoencoders and generative adversarial networks–relied
on latent variables of much lower dimensionality than the state space of interest, reflecting the
manifold hypothesis, namely that high-dimensional data typically lie close to a manifold of much
lower intrinsic dimension. More recent models presented here drop this assumption and instead
transport base samples defined in the same space as the data to generate new samples.

2.1 Normalizing flows

2.1.1 Original formulation

Normalizing flows (NFs) were introduced by Tabak & Vanden Eijnden [TV10] as a method for
density estimation on Rd, based on learning the transport map from an empirical distribution
toward a simple, typically Gaussian, base distribution, hence the name normalizing flow. More
generally, denote ρ0 the density of the base distribution on the state space X ⊂ Rd, and Tθ a
diffeomorphism on X with parameter vector θ ∈ Θ. A NF is a learnable probabilistic model with
realizations x sampled through,

z ∼ ρ0, x = Tθ(z), (1)

and associated probability density function given by the change-of-variables formula,

ρθ(x) = ρ0
(
T −1

θ (x)
) ∣∣∣det∇

(
T −1

θ (x)
)∣∣∣ . (2)

According to Brenier’s theorem [Bre91], provided that ρ0 is absolutely continuous with respect
to the Lebesgue measure, there exists, for any absolutely continuous target distribution π, a
transport map T ∗ that pushes forward ρ0 to π. This theoretical result justifies the use of
transport maps as generative models, as they are, in principle, capable of representing arbitrary
target distributions. In practice, however, the expressivness of the model depends on the chosen
parametrization for Tθ.

The central challenge is therefore to design parametrized maps Tθ that are sufficiently expressive
while allowing efficient evaluation of the inverse map and the determinant of its Jacobian. To this
end, normalizing flows are typically constructed as compositions of simpler transformations

Tθ = TθL
◦ . . . ◦ Tθ1 , (3)

each Tθi
interpreted as a layer involving learnable neural networks and L being the number of

layers, or depth, of the NF. The so-called coupling layer trick is behind many popular architectures
for these simple invertible transformations, with prominent examples including Real Non-Volume
Preserving flows (RealNVP) [DSB17] and Neural Spline Flows (NSF) [Dur+19]. Comprehensive
reviews of design choices for NFs can be found in [Pap+21; KPB21].

Owing to their tractable probability density, NFs can be trained for density estimation via
maximum likelihood. Given a dataset of training samples {x(k)}Nk=1 assumed to be i.i.d. from an
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unknown target probability distribution π, one learns parameters θ of the NF by minimizing the
negative log-likelihood of the training set,

θ ∈ arg min−
N∑

k=1
log ρθ(x(k)). (4)

While extremely convenient for density estimation, the NF architecture described above based
on a finite composition of simple invertible layers can prove too restrictive when the target
distribution is highly complex and multimodal. To overcome this issue, more recent models rely
on continuous-time dynamics to define the transport map. By opposition to this class of models,
the original NF architecture are sometimes referred to as discrete-time normalizing flows.

2.1.2 Continuous normalizing flows

Chen and co-authors introduced neural ordinary differential equations (NeuralODEs) [Che+18].
In this framework, samples from the base distribution are transported by the integration of a
learnable velocity field vθ : X × [0, T ]→ X , from time t = 0 up to time t = T ,

dXt

dt
= vθ(Xt, t) , X0 ∼ ρ0. (5)

The samples produced by this continuous normalizing flow (CNF) correspond to the final states
XT . Denoting by ρθ,t the marginal distribution of the process (Xt)t∈[0,T ] defined above, the
associated continuity equation reads

∂ρθ,t(x)
∂t

+∇ ·
(
ρθ,t(x) vθ(x, t)

)
= 0. (6)

Thus, the probability density function of the generated samples can be computed by integrating,
along the flow trajectory, the instantaneous change-of-variables formula derived from the continuity
equation:

d log ρθ,t(Xt)
dt

= ∂ log ρθ,t(Xt)
∂t

+ vθ(Xt, t) · ∇ log ρθ,t(Xt) = −∇ · vθ(Xt, t), (7)

⇒ log ρθ,T (XT ) = log ρθ,0(X0)−
∫ T

0
∇ · vθ(Xt, t), dt. (8)

In practice, this formula is evaluated either along a forward trajectory during sampling (increasing
time t from X0 ∼ ρ0), or along a backward trajectory when estimating the likelihood of samples
from a training set (decreasing time t from XT = X(k)).

With CNFs, both sampling and likelihood evaluation require the numerical integration of an ordi-
nary differential equation (ODE), which is computationally costly and introduces discretization
errors. In particular, likelihood computations involve evaluating the divergence of the velocity
field, which can be obtained via automatic differentiation but further increases the computational
cost.2 Moreover, training CNFs by maximum likelihood requires the use of an adjoint method
to differentiate through the trajectory followed along the likelihood integration (eq. (8)), which
itself depends on the velocity field and its parameters [Che+18]. Despite these disadvantages,
CNFs were shown to be remarkably expressive compared to discrete-time NFs and represent a

2The divergence ∇ · v(x) is the trace of the Jacobian Tr(∇v(x)). To avoid forming the full Jacobian requiring d
backpropagation passes, Hutchinson’s estimator approximates this trace by using the identity Tr(A) = Eξ[ξ⊤Aξ],
where ξ is a random vector with zero mean and identity covariance (e.g. standard Gaussian or Rademacher)
[Hut89; Gra+18]. In practice, this reduces the computation to Jacobian-vector products, which can be evaluated
efficiently by one backpropagation pass. However, this stochastic approximation of the divergence only yields a
stochastic approximation of the likelihood.
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conceptual step toward the highly successful models discussed next—diffusion models and flow
matching—which also benefit from the same underlying principle.

In the context of generative modeling for physical systems, continuous-time generative models
offer an additional, non-negligible advantage: they enable the design of probabilistic models
whose densities respect the invariances of the problem at hand, such as rotational or translational
invariances. To describe this concisely, consider a symmetry group G leaving the target distribution
π invariant, i.e. ∀g ∈ G, π(g(x)) = π(x). One can show that using an invariant base measure ρ0
together with an equivariant velocity field, i.e. satisfying

∀x ∈ X , ρ0(g(x)) = ρ0(x), and ∀x ∈ X , vθ(g(x), t) = g (vθ(x, t)) , (9)

yields an invariant marginal probability density ρθ,t at all times [KKN20; Sat+21]. Such
equivariant architectures can be constructed either explicitly, for instance as gradients of invariant
functions [KKN20], or by relying on dedicated libraries [SHW21; GS22].

By contrast, obtaining invariant densities with discrete-time normalizing flows is considerably
more difficult. In principle, one could combine an invariant base distribution with an equivariant
transport map, but this would require layers that are simultaneously invertible, equipped with a
tractable Jacobian determinant, and equivariant. The coupling-layer constructions typically used
to satisfy the first two requirements make it non-trivial to enforce the third.3

Diffusion models and stochastic interpolants, which we review next, inherit the flexibility
and symmetry compatibility of CNFs, yet sidestep the computational burden associated with
integrating the instantaneous change-of-variables formula, thanks to training objectives that
differ from direct likelihood maximization.

2.2 Diffusion models

CNFs trained by maximum likelihood encourage the velocity field to match the model final time
marginal ρθ,T to the data target distribution, without imposing constraints on the intermediate
distributions. In contrast, diffusion models (DMs) enforce the intermediate distributions to follow
a prescribed noising-denoising path. For simplicity, we consider here the case X = Rd and an
Ornstein-Uhlenbeck (OU) noising process defined by the stochastic differential equation (SDE)

dX̃τ = −X̃τ dτ +
√

2 dW̃τ , X̃0 ∼ π, (10)

where W̃τ is a standard Brownian motion and π denotes the unknown target distribution from
which the training set is sampled. In what follows, the marginal distribution of the noising process
at time τ is denoted πτ . The forward OU process — equivalently, an overdamped Langevin
equation with quadratic confining potential — admits the Gaussian N (0d, Id) as unique invariant
measure and converges to it at an exponential rate. Consequently, one typically assumes that
πT ≈ N (0d, Id) for T ≫ 1.

Anderson [And82] established that the process defined in backward time t = T − τ by

dXt =
(
Xt + 2∇ log πT −t(Xt)

)
dt +

√
2 dWt, X0 ∼ N (0d, Id), (11)

admits πT −t as its marginal density at time t, which can be readily verified using the Fokker-
Planck equation. In other words, this process has the same marginal distributions as the noising
process but evolves backward in time, and is therefore referred to as the denoising process.

3One possible workaround is a lifting strategy in which the state space is augmented, allowing the construction
of equivariant architectures through finite compositions of coupling layers [Mid+23; SNR25]. This approach,
however, comes at the cost of losing access to the exact likelihood on the original space.
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As originally proposed by [Soh+15], a generative model can be constructed from this noising-
denoising framework by running the backward denoising process starting from samples drawn
from the limiting distribution of the noising process, playing the role of the base distribution—here
the standard Gaussian ρ0 = N (0d, Id). However, the denoising process eq. (11) involves the
gradient of the logarithm of the time-marginal density, known as the score. Let’s examine the
score closely.

The conditional distribution of the noising process at time τ given the initial state x0, denoted
pτ |0(· | x0), is Gaussian, yielding the time marginal

πτ (x) =
∫

dx0 pτ |0(x|x0) π(x0) =
∫

dx0 N (x; x0e−τ ; (1− e−2τ )Id) π(x0), (12)

where N ( · ; m; Σ) denotes the density of a Gaussian distribution with mean m and covariance
Σ. From here, the score can be written as a conditional expectation over the initial state, using
Bayes formula to recognize the conditional measure:

∇ log πτ (x) = − 1
πτ (x)

∫
dx0

x− x0e−τ

1− e−2τ
N (x; x0e−τ ; (1− e−2τ )Id) π(x0)

= −
∫

dx0
x− x0e−τ

1− e−2τ

pτ |0(x | x0)π(x0)
πτ (x)

= −Ex0

[
x− x0e−τ

1− e−2τ

∣∣∣∣∣ X̃τ = x

]
. (13)

As a result, the score is doubly intractable: in generative modelling tasks, the target distribution
π is unknown and only accessible through an empirical training dataset. Additionally, even in
sampling applications when π is known, the conditional expectation remains a high-dimensional
integral without a closed-form expression.

In generative modeling applications, however, the score can be regressed directly from training
data, typically using a neural network parametrization sθ : X × [0, T ]→ X . Its expression as a
conditional expectation motivates the denoising score matching objective introduced in [Son+20;
HJA20], which takes the form of a mean-squared error at a fixed time τ ,

min
θ

Ex0

Ex|x0

∥∥∥∥∥sθ(x, τ) + x− x0e−τ

1− e−2τ

∥∥∥∥∥
2

 , (14)

where the reversed order of the expectations compared to eq. (13) stems from the law of
total expectation and reflects the practical implementation of the loss. Indeed, an empirical
approximation of this loss is constructed using samples x0 from the training set and samples of
the form X̃τ = x0e−τ +

√
1− e−2τ ξ with ξ ∼ N (0d, Id) drawn from the conditional distribution

of the noising process pτ |0(· | x0). A weighted integral of this loss over τ ∈ [0, T ] is commonly
employed in practice, enabling the simultaneous training of the score across all time marginals.

Presented here with the canonical illustration of the OU process, this noising-denoising construc-
tion admits many natural generalizations. Different forward diffusions can be considered, for
instance the variance-exploding SDE, which relies on a purely diffusive process without drift, in
contrast to the variance-preserving OU dynamics. We refer in particular to [Kar+22b], which
clarifies several important design choices underlying the practical success of diffusion models,
including noise scheduling, discretization schemes and neural architectures used to parametrize
the score.

Beyond modifications of the forward diffusion, alternative noising processes can also be employed.
In particular, Schrödinger bridges — which achieve convergence in finite time and relax the
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assumption of a Gaussian base distribution — can be leveraged within the same noising-denoising
paradigm for generative modelling [De +21], even if they remain comparatively less explored in
practice. Motivated by this idea of finite-time constructions and increased flexibility, another
class of models — stochastic interpolants or flow matchings — has recently attracted attention in
the generative modelling community. They offer a flexible framework that interpolates between
prescribed endpoint distributions and will be the focus of the next section.

2.3 Stochastic interpolants a.k.a. flow matchings

The idea of constraining the path of intermediate distributions, has inspired the development of
another class of transport-based continuous-time generative models, proposed independently in
[AV23; LGL23; Lip+23]. Here, we adopt the most general formulation of stochastic interpolants
(SIs) introduced in [ABV23].

While the base distribution of diffusion models is necessarily given by the limiting distribution
of a noising process, the base distribution of stochastic interpolants (SIs), denoted ρ0 in the
following, can be any distribution that is easy to sample from. The bridge of distributions is
no longer defined through an SDE, but, instead, constructed using an interpolation function
It : [0, 1]×X × X → X together with a positive scalar function γ : [0, 1]→ R+,

Xt = It(X0, X1) + γ(t)Z, X0 ∼ ρ0, X1 ∼ π, Z ∼ N (0d, Id), (15)

Crucially, the interpolation function satisfies I0(x0, x1) = x0 and I1(x0, x1) = x1, and the
noise amplitude vanishes at the extremities, γ(0) = γ(1) = 0, together with suitable regularity
conditions on both functions (see [ABV23], Definition 2.1).

The marginal distribution of Xt at time t ∈ [0, 1] is given by

ρt(x) =
∫

dx0 dx1 dz ρ0(x0) π(x1)N (z; 0, Id) δ (x− It(x0, x1)− γ(t)z) , (16)

where δ denotes the Dirac distribution. Although this marginal density is generally intractable,
sampling from the interpolation process is straightforward, as it only requires sampling from the
base distribution, the target distribution, and the Gaussian noise.

To construct a generative model, one observes that the velocity field defined as the conditional
expectation

v∗(x, t) = Ex0,x1,z [∂tIt(x0, x1) + γ̇z | Xt = x] , (17)

where γ̇ denotes the time derivative of γ, satisfies the continuity equation associated with the
interpolating path of distributions eq. (16)

∂ρt(x)
∂t

+∇ ·
(
ρt(x)v∗(x, t)

)
= 0 . (18)

As a consequence, the deterministic process (X∗
t )t∈[0,1] defined by the ODE

dX∗
t

dt
= v∗(X∗

t , t), X∗
0 ∼ ρ0, (19)

admits the same marginal distributions as the interpolation process at all times. This observation
enables the construction of a generative model by learning a neural network approximation
vθ : X × [0, 1]→ X of v∗.

As for the score of diffusion models, the conditional-expectation form of the target velocity field
leads to a mean-squared regression loss at a fixed time t,

min
θ

Ex0,x1,z

[∥∥vθ(Xt, t)−
(
∂tIt(x0, x1) + γ̇z

)∥∥2
∣∣∣Xt = It(x0, x1) + γ(t)z

]
. (20)
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In practice, an empirical approximation of this loss is obtained by drawing samples x1 from the
training set, samples x0 from the base distribution, Gaussian noise samples z, and averaging the
mean squared error over (uniform or weighted) samples of time t in [0, 1].

Once the velocity field has been learned, new samples are generated by integrating the ODE
driven by vθ from samples of the base distribution ρ0 up to time t = 1. This sampling
procedure boils down to the sampling procedure of CNFs, with the key difference that the
velocity field is explicitly trained to match a prescribed interpolation path of distributions.
Avoiding the maximum likelihood training of CNFs, this approach is significantly more efficient
computationally. The generation process can also be generalized to a stochastic differential
equation, at the cost of additionally regressing the score of the time marginals (see [AV23],
Corollary 2.9). A commonly used choice for the interpolation process is the noiseless linear
interpolation It(x0, x1) = (1− t)x0 + tx1, as proposed in [LGL23; Lip+23] who introduced the
denomination of flow matching for this particular case.

∗

With this, we reviewed the main transport based generative models, from the original discrete-
time normalizing flows to the most recently introduced stochastic interpolants. The notations and
mathematical tools introduced in this section will be used throughout the rest of this manuscript,
as we now turn to the application of these models to sampling problems.
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3 Exact samplers with normalizing flows

Normalizing flows were the first generative models to be repurposed from generative modelling
to the task of sampling. As we will see below, their tractable likelihood allows to use them as
helpers in a variety of Monte Carlo scheme in the place of traditional simple probabilistic models
such as Gaussians or factorized distributions. We review below the main proposed strategies to
leverage NFs for sampling, and discuss their strengths and limitations. While our discussion will
focus on continuous state spaces, we note that many of the described methods can be adapted to
discrete state spaces by replacing NFs with autoregressive models [Uri+16], sharing the same
tractable likelihood property.

In all described approaches, the first step is to train a flow model to approximate the target
distribution of interest π on the state space X . While this training is not trivial given the absence
of direct samples from the target a priori, we postpone the discussion on training strategies to
the next section. We assume access to a NF built from a base ρ0 and a transport map Tθ such
that the pushforward distribution ρθ (given by eq. (2)) is, loosely speaking, close to π.

Note that even if the agreement between ρθ and π is imperfect — as is inevitably the case in
practice due to approximation and optimization errors — the samplers described below remain
exact. In other words, they generate samples from π in the limit of large sample sizes or
many iterations. This makes the present application of deep learning to scientific computing
rather distinctive: the unavoidable imperfections introduced during the learning stage do not
necessarily translate into biased results, provided that the subsequent sampling procedure is
properly designed.

Below, we first describe a set of simple approaches originally proposed to leverage NFs for
sampling (section 3.1), and then we discuss the advantages and limitations of these approaches
in a systematic benchmark (section 3.2). We then review more recent approaches looking to
push further the abilities of NF-powered samplers (sections 3.3 and 3.4).

3.1 Initial NF-powered samplers

3.1.1 Importance sampling

Elementary algorithm A simple way to leverage NFs for sampling is to use them as proposal
distributions in importance sampling (IS). For a target distribution π, known up to a normalization
constant, the IS estimation of the expectation of an observable f : X → R follows the steps:

algorithm 1: Neural importance sampler (Neural-IS)

for i = 1 . . . N do
Sample the proposal distribution xi ∼ ρθ(·),
Compute weight wi = π(xi)

ρθ(xi) (up to a multiplicative constant),
for i = 1 . . . N do

Compute normalized weight ŵi = wi/
∑N

j=1 wj ,
return self-normalized IS estimator f̂SNIS =

∑N
i=1 ŵif(xi)

A practical IS proposal needs (i) to be straightforward to sample from to obtain an extensive set
of N i.i.d. samples easily and (ii) to have a tractable probability density function to compute
weights, both conditions being satisfied by NFs.

Note that if the normalization constant of π is unknown, the IS weights can only be computed up
to a multiplicative constant which however cancels in the self-normalized weights and hence has
no impact on the self-normalized IS estimator f̂SNIS returned by the algorithm. Conversely, were
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the normalization constant of π known, one could use the plain IS estimator f̂IS = 1
N

∑N
i=1 wif(xi)

which is unbiased, unlike the self-normalized version.

Under mild conditions on the proposal distribution, f̂SNIS is a consistent estimator of Eπ[f ] in
the sense that it converges (at least in probability) to Eπ[f ] as N →∞. However, at finite N ,
the agreement of the proposal distribution ρθ with the target π directly impacts the quality of
the IS estimator. In particular, the variance of the IS weights is minimized when ρθ is equal to
π, yielding normalized weights uniformly equal to 1/N . This observation justifies the relevance
of leveraging recent progress in deep generative models, in the form of NFs, to build accurate
proposals in place of usual simple tractable probabilistic models (e.g. Gaussian or factorized). In
turn, the quality of the IS estimator is directly related to the quality of the NF approximation of
the target distribution. Pioneering works in this direction include [Mül+19; Noé+19; Nic+20;
Nic+21].

Free energy computations Building on similar ideas of IS, one can also use NFs to estimate
the normalization constants, or free energies in the language of statistical mechanics. The idea is
to use the NF as a reference state of known normalization constant and estimate its ratio with
normalization constant of the target π using either Target Free Energy Perturbation (TFEP)
[Jar02] or Bennett Acceptance Ratio (BAR) [Ben76; HT09]. This idea was simultaneously
proposed with Bayesian inference in mind [JS20], and for applications to atomic solids [Wir+20;
Wir+22; WIP23; SNR25]. Computations of protein-lingand binding free energies with NFs
were also explored in [DSB17], as well as computations of conformal free energy differences in
[Mol+24*; Ole+24].

By convention, the normalization constant of a NF is 1 due to writing ρθ directly in its normalized
form. For π(x) = e−U(x)/Zπ, the TFEP estimator of its free energy Fπ = − logZπ is build upon
the equality

Zπ = Eρθ

[
e−U(x)/ρθ(x)

]
⇒ Fπ = − logEρθ

[
e−U(x)/ρθ(x)

]
(21)

and reads

F̂ TFEP
π = − log ẐTFEP

π = − log
(

1
N

N∑
i=1

e−U(xi)

ρθ(xi)

)
, with xi ∼ ρθ(·) for i = 1, . . . , N , (22)

where one recognizes the IS weights wi in the summation. This estimator is easy to implement,
requiring mere samples from the flow and yields an unbiased estimator ẐTFEP

π of Zπ and a
consistent estimator F̂ TFEP

π of Fπ as N →∞. However, as for IS, it can suffer from large variance
at finite N if ρθ is not close enough to π.

The BAR method improves over TFEP in cases where samples from both ρθ and π are available
[Ben76]. Given two sets of samples {xi}Ni=1 from ρθ and {xj}Mj=1 from π, the BAR estimator
can be interpreted as the maximum likelihood estimate of the free energy difference obtained by
viewing the problem as a binary classification task: given a sample x, one asks whether it was
drawn from ρθ or from π. Using Bayes’ rule, the posterior probability that x originates from ρθ

can be written as a logistic function of the energy difference between the two models, involving
the unknown free energy difference Fπ. Maximizing the corresponding likelihood over the two
sets of samples leads to a self-consistent equation whose solution defines the BAR estimator
[Shi+03]. Namely, the estimator F̂ BAR

π is defined as the solution of the implicit equation

N∑
i=1

1
1 + N

M eU(xi)+log ρθ(xi)−F̂ BAR
π

=
M∑

j=1

1
1 + M

N e−U(xj)−log ρθ(xj)+F̂ BAR
π

. (23)
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This estimator is known to be asymptotically optimal, meaning that, among estimators using
samples from both distributions, it has minimal variance in the limit of infinite samples. A
derivation specifically in the case of bijective mapping is given in [HT09]. If BAR improves
on TFEP, it strictly requires samples from the target distribution π, which are not available
a priori in the context discussed here. If some references use approximate samples obtained
from molecular dynamics [DZ21], we note that provided a NF approximating π is available, the
NF can also be used to converge an MCMC to generate samples from π to be used in BAR
[Mol+24*]. The description of NF assisted MCMC schemes is given in the next section.

3.1.2 Independent proposal Markov chains

MCMCs can also greatly benefit from a NF trained to approximate the target distribution π. A
simple way to do so is to use the NF as an independent proposal distribution in a Metropolis-
Hastings (MH) algorithm [AKS19; Noé+19; Nic+20; GRV21*]. The resulting algorithm reads:

algorithm 2: flow independent Metropolis Hastings (flow-IMH)

Initialize x(0),
for k = 1 . . . K do

Sample proposal x′ ∼ ρθ(·),

Compute acceptance probability α = min
(

1 ,
π(x′)

π(x(k−1))
× ρθ(x(k−1))

ρθ(x′)

)
,

Set x(k) = x′ with probability α, else x(k) = x(k−1),
return samples {x(k)}Kk=1

As in IS, observe that the proposal distribution of a MH algorithm needs to be (i) easy to sample
from and (ii) its density needs to be tractable to evaluate the acceptance probability, both
conditions being satisfied by NFs.

The resulting independent proposal MCMC is asymptotically unbiased regardless of the quality
of the flow approximation, meaning that the distribution of x(K) converges to π as K → ∞.
However, at finite K, the acceptance rate of the algorithm directly depends on the agreement of
ρθ with π, being equal to 1 when ρθ = π and dropping to zero when ρθ is a poor approximation
of π. A high acceptance rate implies an extremely efficient sampler here as the proposal are
global moves, uncorrelated with the current state of the chain. Attempting global moves across
the state space is made possible by the flexibility of NFs to approximate complex distributions,
and represents a key advantage of using NFs as proposal distributions in place of local proposals
such as random-walk or Langevin dynamics. In particular, global moves can help escape from
metastable states in multimodal distributions, a situation where local MCMC proposals often
fail.

Local-global Markov Chains Variants around the independent Metropolis-Hastings presented
above can also be of interest. For instance, one can consider a hybrid scheme alternating local
MCMC moves (e.g. Langevin dynamics or MH with Gaussian jump proposals) and global
NF-based proposals [GRV21*; Sam+22*]. This is particularly useful when the NF misrepresents
some part of the target distribution, as the local moves can help improve exploration in such
regions. The advantage of alternating local and global moves was theoretically proven for simple
statistical physics models with discrete state spaces and therefore using autoregressive networks
in place of NFs [DRZ25].
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Multi-proposal version Another interesting variant considers more than one proposal per
iteration [Sam+22*], following the iterated sampling importance resampling (iSIR) scheme
[ADH10]. Given the cheap sampling cost of NFs, one can consider M > 1 proposals {x′

i}Mi=1
sampled from ρθ at each iteration of the MCMC yielding the following algorithm:

algorithm 3: flow iterated sampling importance resampling (flow-iSIR)

Initialize x(0),
for k = 1 . . . K do

Set x′
0 = x(k−1),

for i = 1 . . . M do
Sample proposal x′

i ∼ ρθ(·),
for i = 0 . . . M do

Compute weight wi = π(x′
i)

ρθ(x′
i)

,
for i = 0 . . . M do

Compute normalized weight ŵi = wi/
∑M

j=0 wj ,
Sample index i from the categorical distribution with probabilities {ŵj}Mj=0,
Set x(k) = x′

i,
return samples {x(k)}Kk=1

By considering multiple proposals, this scheme increases the chance to propose a state in high
probability regions of the target distribution, improving the mixing of the chain per iteration.
However, the computational cost per iteration also increases with M . As a result, a large
M is typically advantageous if parallel computing resources are available, even if the overall
computational efficiency of the sampler does not necessarily improve with M .

3.1.3 Reparametrization through transport maps

Yet another way to leverage NFs for sampling is to use them as reparametrization maps to
simplify the geometry of the target distribution [PM18; Hof+19; Noé+19; CN23; SG23*]. Here,
we reference this set of methods as neutra-MCMCs following [Hof+19] play of words on neural
transport maps "NeuTra-lizing" the target’s bad geometry.

Once a NF transport map Tθ approximating the target distribution π is available, one can
consider the pullback distribution of π through Tθ defined as

πTθ
(z) = π(Tθ(z)) |det∇zTθ(z)| for z ∈ X . (24)

By construction, if ρθ is a good approximation of π, then the pullback distribution πTθ
is close

to the base distribution ρ0, which is usually chosen to be a distribution with easy geometry
(e.g. standard Gaussian). Sampling from π can therefore be achieved by first sampling from the
simpler distribution πTθ

and then pushing forward the samples through Tθ. For instance, if indeed
ρ0 = N (0, Id), following the intuition that πTθ

≈ ρ0, a natural choice is to resort to Langevin
dynamics for sampling in the latent space, either with a Metropolis accept reject (MALA for
Metropolis adjusted Langevin algorithm) or without (ULA for unadjusted Langevin algorithm).
However, all other types of samplers can be employed: [Hof+19] examined Hamiltonian Monte
Carlo (HMC), [CN23] elliptical slice sampling and [SG23*] Metropolis-within-Gibbs sampling.
Provided an unbiased sampler is used to target ρ0 = N (0, Id), transporting its output through
Tθ provides unbiased samples from π. Sketching an algorithm to summarize the overall method
yields:
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algorithm 4: neutra-MCMC

Initialize z(0),
for k = 1 . . . K do

z(k+1) ∼MTθ,π(·|z(k)) with MTθ,π Markov kernel leaving πTθ
invariant,

x(k+1) = Tθ(z(k+1))
return samples {x(k)}Kk=1

Note that Markov kernels MTθ,π(·|z(k)) based on gradient information of the target distribution
– such as MALA, ULA and HMC– require computing gradients of πTθ

at each iteration of the
algorithm. This involves automatic differentiation through Tθ making each update significantly
more costly than when directly targeting π.

3.2 A first comparison of NF powered samplers

Faced with the variety of ways of easing sampling leveraging a transport map Tθ sending ρ0
close to the target π, a comparison is in order. A detailed numerical benchmark was conducted
in [Gre+23*], considering different sources of difficulties in sampling, namely ill-conditioning,
multimodality and high-dimensionality. We rediscuss the results of this study in the following
paragraphs.

Neutra-MCMCs are the most robust to ill-conditioning If regions of high-probability of the
target have significantly different scales in different directions of the state space, the target
distribution is said to be ill-conditioned and this typically causes trouble to the convergence of
MCMC based samplers. To assess the ability of the different flow-based approaches to alleviate
this issue, one needs to also consider the quality of the training of Tθ. For a perfectly trained flow
ρθ = π, and IS and IMH produce i.i.d samples from π and are therefore optimal. The picture
becomes more complicated if a residual mismatch persists between ρθ and π. To systematically
assess the effect of an imperfect learning on sampling an ill-conditioned target, the following
experiment was conducted.

The target distribution is a high-dimensional Gaussian (d = 128) with an ill-conditioned covariance
(see appendix D.2 of [Gre+23*] for complete experimental setting). An analytical flow is defined
with a scalar quality parameter t ∈ [0, 1] as illustrated on the left panel of fig. 1. For t = 0.5
the flow is perfect. For t = 0 the flow density ρt is isotropic and over-concentrated, with
variance matching the smallest directional variance of the target distribution. Conversely, for
t = 1, ρt is isotropic underconcentrated, matching the largest directional variance of the target
distribution. When t ̸= 0.5, the flow fails at perfectly preconditioning the pullback πTt . Results
of the experiment reproduced on the right panel of fig. 1 show that neutra-MCMC methods are
more robust to an imperfect map than approaches based on independent proposals (neural-IS,
flow-IMH, flow-iSIR) whose performances degrade quickly as the flow training parameter deviates
from t = 0.5. This advantage is however mitigated with the cost per iteration of the method
(higher than for independent proposal methods by a factor of 2 to 30 for the experiments reported
in [Gre+23*]) and the challenges posed by multimodality for neutra-MCMCs, as discussed next.

Neutra-MCMCs struggle to mix between modes When the target π is multimodal, the intuition
that the pullback πTθ

has a simplified geometry breaks down. The reason is that common NF
architecture based on transporting a standard Gaussian ρ through coupling layers have troubles
separating the mass of ρ0 into truly disconnected modes and respectively do not generate pullbacks
with reunited mass. The difficulty of NFs to match multimodal distribution has been discussed
in [Cor+20; Sal+22]. Figure 2 illustrates well this phenomenon on a 2d example.
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Figure 1: (Left) Pullback πTt and pushforward ρt as a function of the flow imperfection
parameter t. (Right) Sliced TV distances to target of NF-powered Monte
Carlo samples compared as a function of the quality of the flow t, using 256
chains of length 1400 initialized with draws from NF with Tt. neural-IS was evaluated
with 14000 samples. Results were qualitatively unchanged for d = 16, 32, 64, 256. ESS
stands for elliptical sliced-sampling in this figure. Reproduced from [Gre+23*].

Figure 2: Pullback and pushforward of popular deep normalizing flows architectures targeting
the two moons distribution. Reproduced from [Gre+23*]

As a result, neutraMCMCs relying on MCMC kernels struggling with multimodality are not out
of trouble by targeting the pullback. In this context, methods relying on independent proposals
such as flow-IMH are better off. This can be seen on the results presented on the left and
center panel of fig. 3 considering the task of sampling from a Gaussian mixture. In particular,
as the dimension increases, methods based on reparametrization increasingly fail to discover
all the modes of the distribution despite the fact that the pushfoward ρθ did have significant
mass overlap with all the modes. However, this success of independent proposal methods for
multimodal distribution is limited by their sensitivity as the dimension further increases, which
we examine next.

Independent proposal methods are most affected by high-dimensionality Methods relying on
independent proposals, either in the context of importance sampling (neural-IS) or of MCMCs
(flow-IMH and flow-iSIR) suffer similarly from the increase of the dimensionality. A classical
elementary calculation by [Aga+17] allows to catch the source of the difficulty considering the
example case where the considered target and proposal distributions are the product of 1d
measures. But before we cover this example, let us define an important quantity to assess the
efficiency of IS and IMH that has not yet been introduced. The effective sample size (ESS)
[Kis65] is defined, for a batch of N samples {xi}Ni=1 drawn from the proposal distribution ρ, with
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Figure 3: (Left) Example chains of NF-enhanced walkers with a 2d target mixture of
4 Gaussians. The 128-step MCMC chain is colored according to the closest mode
in the data space (bottom row) with corresponding location in the latent space (top
row). The complex geometry of the pullback πTθ

hinders the mixing of local-update
algorithms. MALA’s step-size was chosen to reach 75% of acceptance. (Middle)
Median squared error of the histograms of visited modes of 4 Gaussians
per chain against the perfect uniform histogram as a function of dimension.
512 chains of 1000-steps on average were used. (Right) Sliced total variation in
sampling the Banana distribution in increasing dimension using a RealNVP.
128 chains of 1024-steps were used. Reproduced from [Gre+23*]

importance weights w(xi) = π(xi)/ρ(xi), as

ESS =

(∑N
i=1 w(xi)

)2

∑N
i=1 w(xi)2

. (25)

If all the weights are equal, meaning that the proposal perfectly matches the target, then
ESS = N . Conversely, if one weight dominates all the others, then ESS ≈ 1. The ESS therefore
provides a measure of the number of independent samples from the target distribution that can
be extracted from the weighted samples drawn from the proposal. Note that both unormalized
and self-normalized IS weights can be used to compute the ESS, as the normalization constant
cancels out in the ratio.

Going back to the example of product of 1d distributions, consider target and proposal distribu-
tions defined on X = Rd as

π(x) =
d∏

i=1
π1d(xi) and ρ(x) =

d∏
i=1

ρ1d(xi). (26)

Then the importance weight function itself factorizes w(x) =
∏d

i=1 w1d(xi) with w1d(xi) =
π1d(xi)/ρ1d(xi). In the limit of large N , thanks to the independence of all the coordinates, the
ESS can be approximated as

ESS ≈ (NEρ[w1d]d)2

NEρ[w2
1d]d

= N

(
Eρ1d

[w1d]2

Eρ1d
[w2

1d]

)d

≈ Ne−d log(Eρ1d
[w1d]2/Eρ1d

[w2
1d]) (27)

where the logarithm in the exponent is positive unless the proposal perfectly matches the target
in 1d in which case it is zero. This calculation shows that unless a perfect match is achieved,
the ESS decays exponentially fast with the dimension d. Although this calculation is made
under restrictive assumptions, it captures well the curse of dimensionality affecting IS and IMH
methods. For instance, note that in statistical mechanics applications of sampling, the target
distribution takes the form of a Boltzmann-Gibbs distribution π(x) ∝ e−U(x) where the potential
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energy U(x) is often extensive in the number of degrees of freedom, meaning scaling linearly
with d. In such situations, even small relative errors in the approximation of U(x) by the NF
transport map Tθ can lead to exponentially small ESS as d increases.

The right panel of fig. 3 illustrates this curse of dimensionality affecting independent proposal
methods, considering the task of sampling from a banana-shaped distribution in increasing
dimension. Similar results have been reported by other works from which the systematic study of
[DRW21] stands out. This work focuses on sampling from the Boltzmann distribution of a lattice
field theory, the 2d ϕ4 model, of which the size of the lattice directly controls the dimension of the
state space. Additionally, a temperature parameter controls the difficulty of the sampling task,
the model going through a phase transition where the correlation length between lattice sites
diverges, making the sampling particularly challenging. Despite an extensive hyperparameter
search and the use of advanced NF architectures, the authors find that the acceptance rate
of flow-IMH samplers decreases invariably as the lattice size increases and as the temperature
approaches the critical point.

Where the elementary NF enhanced samplers stand? Summarizing the above discussion,
we can sketch the state of affairs after initial research efforts on leveraging NFs for sampling.
Independent proposal methods such as neural-IS and flow-IMH are well suited for sampling
multimodal distributions thanks to their ability to explore globally the state space. However, they
suffer from the curse of dimensionality, with performances degrading quickly as the dimension of
the state space increases, unless a near perfect flow approximation is available. To provide an
order of magnitude, the highest dimension admissible for independent proposals lies somewhere
between a hundred to a few thousands depending on the regularity of the target distribution.
This range covers many practical applications such as Bayesian inference for medium size models
or molecular systems with a few tens of atoms, but falls short for larger applications such as
simulating liquids, large biomolecules or statistical mechanics field theories toward the continuum
limit.

Conversely, neutra-MCMCs leveraging local samplers in the latent space are more robust to
high-dimensional settings and ill-conditioning. However, they struggle to mix between modes
when the target distribution is multimodal, as the pullback distribution often retains a complex
geometry hindering the convergence of local samplers.

Taken together, these observations motivate the development of more advanced NF-powered
samplers that leverage modern advances in the sampling literature, which has progressed con-
siderably beyond the elementary tools of IS and MH. In the next two sections we review how
NF can be combined with the ideas of annealing and of exploiting coarse-grainings to enhance
sampling.

3.3 Combining NFs with tempering

Recall that annealed based samplers, such as AIS, PT and SMC already mentioned in the
introduction, rely on a bridging path between a simple reference measure and the target measure.
The philosophy behind combining tempering with NFs is no longer to expect that a single NF
transport map can directly reach the target distribution, but instead to delegate part of the
sampling effort to tempering-based schemes. Below, we highlight several key examples, without
attempting an exhaustive survey given the rapid pace of recent developments in the literature.

3.3.1 Adapting the base distribution to the target

A first step in the direction of tempering is to adapt the base distribution ρ0 of the NF to be
closer to the target distribution π, easing the training of the NF and improving its final accuracy.
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The choice of ρ0 is highly task dependent as it needs to remain relatively easy to sample. The idea
was used on statistical physics fields systems using a Gaussian base with matching small scale
correlations [GRV22*], in sampling liquids using a less dense and/or higher temperature fluid as
base [Sch+24; JBB24; Cor+25], as well as for sampling crystals and materials using Einstein’s
harmonic crystal as base [Wir+20; Wir+22; SNR25]. This is a natural way to incorporate physics
knowledge into NF-based sampling schemes that can considerably ease the learning task. It can
be further combined with tempering schemes described next.

3.3.2 Combining NFs with AIS: stochastic normalizing flows

[WKN20] introduced a stochastic type of NFs amenable to enhanced sampling using the AIS
framework. Instead of relying on a deterministic transport map Tθ, the flow alternates deter-
ministic NF layers and stochastic Markovian layers. The advantage of stochastic NFs lies in the
ability of stochastic layers to represent a multimodal target distribution given an unimodal base
distribution ρ0, which traditional deterministic coupling layers struggle to achieve.

A stochastic NF with L layers is defined as a sequence of random variables (x0, . . . , xL) with
x0 ∼ ρ0 and xL being the output of the flow. The transition from layer ℓ − 1 to layer ℓ is
defined by a transition kernel qθℓ

(xℓ|xℓ−1) parametrized by θℓ. Deterministic NF layers are
implemented via a bijective map Tθℓ

such that qθℓ
(xℓ|xℓ−1) = δ(xℓ−Tθℓ

(xℓ−1)). Stochastic layers
are characterized through a qθℓ

(xℓ|xℓ−1) with explicit probability density and easy to sample
from. The overall joint probability density over (x0, . . . , xL) and the marginal output distribution
read respectively:

ρθ(x0, . . . , xL) = ρ0(x0)
L∏

ℓ=1
qθℓ

(xℓ|xℓ−1), ρθ(xL) =
∫ L−1∏

ℓ=0
dxℓ ρθ(x0, . . . , xL). (28)

The marginal output distribution ρθ(xL) is intractable as it involves marginalizing over all
stochastic layers. As such, proposals from the stochastic NF cannot be used directly in Neural-IS
(algorithm 1) or flow-IMH (algorithm 2) to estimate expectations under the target distribution π.
Resorting instead to AIS-like scheme, a set of backward transition kernels needs to be introduced.
The backward kernels, with parameters θ̃ℓ, are denoted by q̃θ̃ℓ

(xℓ−1|xℓ) and allow to define a
backward joint distribution with π as last marginal:

ρ̃θ̃(x0, . . . , xL) = π(xL)
L∏

ℓ=1
q̃θ̃ℓ

(xℓ−1|xℓ), π(xL) =
∫ L∏

ℓ=1
dxℓ−1 ρ̃θ̃(x0, . . . , xL) . (29)

An importance sampling estimator is constructed at the level of the joint distributions based on
the equality

Eπ[f(x)] = Eρθ

[
f(xL)× w(x0, . . . , xL)

]
, with w(x0, . . . , xL) =

ρ̃θ̃(x0, . . . , xL)
ρθ(x0, . . . , xL) , (30)

for any test function f : X → R. The resulting self-normalized importance sampling estimator of
Eπ[f(x)] reads

f̂SNF =
∑N

i=1 f(xL
i ) w(x0

i , . . . , xL
i )∑N

i=1 w(x0
i , . . . , xL

i )
with (x0

i , . . . , xL
i ) ∼ ρθ(·) . (31)

The efficiency of the resulting estimator relies on the agreement between the forward and
backward joint distributions ρθ and ρ̃θ̃, which in turn depends on the specification of the
forward and backward kernels. In practice, [WKN20] suggests designing deterministic and
stochastic layers such that the marginal distributions at the successive layers follow as closely as
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possible an interpolation path between the base distribution ρ0 and the target distribution π

(e.g. πℓ = ρ
(L−ℓ)/L
0 πℓ/L), as traditionally done in AIS.

This approach has also strong connections with non-equilibrium statistical mechanics equalities
by Jarzynski and Crooks [Jar97; Cro98], and their repurposing for Monte Carlo [Nil+11]. The
advantage of learning NF layers on top of vanilla non-equilibrium Monte Carlo moves was
validated in particular in high-energy physics applications [Cas+22; CCN24; CCN25]. In the
next section, we discuss a very related line of work combining NFs with SMC.

3.3.3 Combining NFs with SMC

The additional ingredient of SMC methods compared to AIS is the intermediate resampling
among parallel draws (referred to as particles). For this, SMC relies on a sequence of intermediate
distributions (πℓ)L

ℓ=0 with π0 = ρ0 and πL = π and πℓ = e−Uℓ/Zℓ. The resampling steps aim at
guaranteeing a good agreement between the distribution of the particles and the current target
distribution πℓ.

Combining SMC with NFS, [AMD21; Mat+22] assume to have a set of NF transport maps
(Tθℓ

)L
ℓ=1 respectively trained to approximately transport πℓ to πℓ+1. The SMC procedures then

combines these maps, with the standard SMC steps of mutation, weighting and resampling. The
algorithm can be summarized as follows:

algorithm 5: (Continuously Repeated) Annealed Flow Transport (AFT/CRAFT)

Initialize particles {x(0)
i }Ni=1 ∼ π0,

Initialize weights ŵ
(0)
i = 1/N for i = 1 . . . N ,

Initialize normalization constant of ρ0 Ẑ0 = 1,
for ℓ = 1 . . . L do

for i = 1 . . . N do
Transport particles y

(ℓ)
i = Tθℓ

(x(ℓ−1)
i ),

Update weights w
(ℓ)
i = ŵ

(ℓ−1)
i

∣∣∣det∇xTθℓ
(x(ℓ−1)

i )
∣∣∣ e−Uℓ(y(ℓ)

i )/e−Uℓ−1(x(ℓ−1)
i ) ,

Estimate normalization constant Ẑℓ = Ẑℓ−1
∑N

i=1 w
(ℓ)
i ,

Normalize weights ŵ
(ℓ)
i = w

(ℓ)
i /

∑N
j=1 w

(ℓ)
j for i = 1 . . . N ,

Compute the effective sample size ESS(ℓ) for {ŵ(ℓ)
i }Ni=1 as defined in eq. (25)

if ESS(ℓ) < αN then
for i = 1 . . . N do

Resample index ai from categorical distribution with probabilities {ŵ(ℓ)
j }Nj=1

Reset weight ŵ
(ℓ)
i = 1/N

for i = 1 . . . N do
ỹ

(ℓ)
i = y

(ℓ)
ai ,

“Mutate” x
(ℓ)
i ∼Mℓ(·|ỹ

(ℓ)
i ) with Mℓ a πℓ-invariant Markov kernel,

return particles {x(L)
i }Ni=1 and normalization constant estimate ẐL.

As is now common practice in SMC, the resampling step is triggered only when the effective
sample size (ESS) drops below a threshold α (e.g. α = 0.5). Also note that the method allows to
estimate the normalizing constant of the target distribution π as a by-product (which is also the
case for AIS but was omitted in the previous section for brevity).

By dividing the task of sampling from π into smaller subtasks of sampling sequentially from
successive intermediate distributions πℓ, AFT/CRAFT eases the learning of each transport map
Tθℓ

compared to elementary NF-powered samplers. Additionally, the resampling step helps focus
computational efforts on particles in high probability regions of the target distribution, which is
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particularly useful when the target is multimodal. Finally, the mutation step relying on local
MCMC kernels Mℓ helps improve the diversity of the particles and correct for residual errors in
the flow approximations. While combining all these ingredients increases the computational cost
of the sampler compared to flow-IMH or Neural-IS, it also logically improves its robustness to
challenging sampling tasks. Compared to regular SMC, the addition of transport maps allows to
use a coarser interpolation ladder: the requirement that πℓ−1 and πℓ be close enough, to avoid
weights degeneracy, becomes that the pushforward of πℓ−1 through Tℓ be close enough to πℓ. As
a result, fewer intermediate steps are necessary to reach a good sampling performance.

In a related proposition, [Kar+22a] combines NFs with SMC using a single transport map that
is trained progressively to transport the base distribution ρ0 to the current intermediate target
πℓ at each iteration of SMC. In this work, the mutation step takes also advantage of the NF
transport map to employ a neutra-MCMC kernel as described in algorithm 4. The performance
of this approach was validated on cosmological and astronomical Bayesian inference tasks.

3.3.4 Combining NFs with PT

Following the propositions made for AIS and SMC, NFs can also be used to ease sampling in the
PT framework. As a reminder PT relies on a similar interpolation path (xℓ)L

ℓ=0 and consists in
simulating in parallel a set of L + 1 replicas (xℓ)L

ℓ=0 sampling respectively from the intermediate
distribution πℓ. Periodic swaps are proposed between replicas at adjacent levels ℓ and ℓ + 1. To
ensure a reasonable acceptance rate for swap proposals, neighboring distributions πℓ and πell+1
must be close enough, which often leads to the necessity of maintaining many replicas at high
computational cost.

In this context, [Inv+22] proposed to leverage NFs to skip all the intermediate steps altogether.
The idea is to approximately transport an easy replica x0 sampling from π0 = ρ0 to the target
πL = π while transporting a target replica xL to ρ0, before attempting their swap. Thereby, only
two replicas are strictly necessary. Following standard practice in PT, the base distribution is
typically adapted to the target distribution, choosing π0 ∝ πβ, with β < 1, a high-temperature
version of the target distribution π. As a result, ρ0 = π0 is not as trivial to sample from than
when choosing a standard Gaussian, but the assumption is that a local MCMC sampler can still
efficiently explore π0.

Denoting by Tθ a NF transport map trained to transport ρ0 to π, and M0 and Mπ local Markov
kernels leaving respectively ρ0 and π invariant, the PT procedure is modified as follows:

algorithm 6: Learned replica exchange (LREX)

Initialize replicas x
(0)
0 and x

(0)
π at random,

for k=1. . . K do
x

(k)
0 ∼M0(·|x(k−1)

0 ),
x

(k)
π ∼Mπ(·|x(k−1)

π ),
Draw u ∼ Uniform(0, 1)
if u < γ then

Attempt swap:
x′

0 = T −1
θ (x(k)

π )
x′

π = Tθ(x(k)
0 ),

Compute α = min
(

1,
π(x′

π)ρθ(Tθ(x′
0))

π(x(k)
π )ρθ(Tθ(x(k)

0 ))

)
= min

(
1,

π(x′
π)ρ0(x′

0)
π(x(k)

π )ρ0(x(k)
0 )
×
∣∣∣∣det ∇Tθ(x(k)

0 )
det ∇Tθ(x′

0)

∣∣∣∣ ),

Set x
(k)
0 ← x′

0, x
(k)
π ← x′

π with probability α

The swap is attempted with probability γ at each iteration and ρθ denotes the density of the
pushforward distribution induced by Tθ, given by the change-of-variables formula (eq. (2)). The
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acceptance probability α ensures that the overall Markov chain over the joint state space of the
two replicas leaves the joint distribution ρ(x0, xπ) = ρ0(x0)π(xπ) invariant.

In spirit, the proposition of [Inv+22] is similar to flow-IMH (algorithm 2) except that the base
distribution is not sampled independently and the non-local moves are mediated by swaps between
the base and target replicas. As a result, one can expect similar performances of this approach
compared to flow-IMH.

A subsequent proposal by [Zha+25] places weaker requirements on the NF and retains a ladder of
intermediate distributions (πℓ)L

ℓ=1. As in SMC-based (CR)AFT, this ladder can be chosen coarser
than in traditional PT, thanks to a collection of transport maps (Tℓ)L

ℓ=1 that approximately
push forward πℓ−1 to πℓ. Extending the two-replica version of algorithm 6, local MCMC kernels
Mℓ targeting each πℓ are run for every replica xℓ, and swaps between neighboring levels are
periodically proposed using the corresponding transport maps. Although this strategy requires
maintaining more replicas, it is expected to handle more complex target distributions than the
two-replica scheme, as it decomposes the global transport from ρ to π into a sequence of simpler
transitions from πℓ−1 to πℓ.

3.3.5 Recalibrating NF samples with AIS or SMC

Returning to the setting where a single transport map Tθ is trained to push forward ρ0 to π, it
has also been proposed to leverage AIS or SMC in order to recalibrate the NF samples. The idea
is to introduce a sequence of intermediate distributions that, here, gradually transports ρθ to π,
for instance πℓ = ρ

(L−ℓ)/L
θ πℓ/L. Then, an AIS or SMC procedure is run targeting π, initialized

from samples drawn from ρθ. This strategy was first proposed by [Mid+22] in the context of
AIS and more recently revisited by [Tan+25] using SMC.

In contrast to elementary NF-based samplers, this approach explicitly compensates for imperfec-
tions in the learned transport map. In particular, since ρθ may not be sufficiently close to π to
serve directly as a proposal distribution for IS or IMH, the tempering procedure corrects for this
mismatch. As with other combinations of tempering and normalizing flows, the computational
cost is higher than that of flow-IMH or Neural-IS, but this additional effort is expected to
translate into improved sampling performance. Although other innovations are presented in
[Mid+22] and [Tan+25], the former reports good performance of the AIS recalibration strategy
on sampling from the Boltzmann measure of clusters of repulsive particles and the latter validates
the SMC recalibration strategy on the sampling of small biomolecules.

∗

Overall, the various proposals for combining NFs with tempering-based sampling schemes
expand the capabilities of traditional tempering methods and ease the learning burden compared
to the simple NF-powered samplers discussed above. However, a systematic comparison of
these algorithms is still lacking. Moreover, while these approaches typically moderate the
demands placed on learning—and are therefore likely to handle more complex targets than simple
NF-enhanced samplers—it remains unclear whether they exhibit more favorable scaling with
dimension. Indeed, transport is still performed in the full ambient space. The alternative strategy
introduced next addresses this limitation directly by reducing the effective dimensionality of the
problem.

3.4 Combining NFs with coarse-granings

One emerging limitation of samplers relying on NF-based proposals is their poor scaling with
dimension. Expecting a generative model to learn how to resample an entire high-dimensional
variable in a coherent manner is, in a sense, overly ambitious. This observation motivates another
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line of research seeking to leverage NFs while avoiding a full resampling. This is the underlying
principle of the two methods described below.

3.4.1 Partial resampling in the latent space

A first strategy to mitigate the deterioration of acceptance rates with increasing dimension is to
perform partial updates informed by the generative model trained to approximate π. In discrete
state spaces, where NFs are replaced by autoregressive networks, this operation is straightforward
provided that one updates variables appearing last in the autoregressive ordering [WRC21].
[SG23*] proposed an adaptation of this idea to the continuous setting where a NF is trained to
transport ρ0 to π via Tθ. Following the classical Metropolis-within-Gibbs scheme, one performs a
partial resampling in latent space based on the conditional distributions of ρ0, and subsequently
accepts or rejects the proposal according to a Metropolis acceptance rule.

More precisely, let du ≤ d denote the number of degrees of freedom to be updated, S = (i1, . . . , idu)
a selected set of distinct indices, and q(S) a probability distribution over such subsets. Denote
by zS and z\S the components of the base variable z indexed by S and by its complement,
respectively. The partial resampling MCMC procedure of [SG23*] consists in:

algorithm 7: Gibbs flow-Monte Carlo (GflowMC)

Initialize x(0),
Compute z(0) = T −1

θ (x(0)),
for k = 1 . . . K do

Sample set S ∼ q(S),
Propose partial refreshing z′

S ∼ ρ0(zS |z(k−1)
\S ),

Set z′
\S = z

(k−1)
\S ,

Compute acceptance rate α = min

1 ,
πTθ

(z′)
πTθ

(z(k−1))
×

ρ0(zS |z(k−1)
\S )

ρ0(z′
S |z

(k−1)
\S )

 ,

Set z(k) = z′ with probability α, else z(k) = z(k−1),
return samples {x(k) = Tθ(z(k))}Kk=1

Here the pullback πTθ
of π through Tθ, previously introduced in eq. (24), is again needed in the

acceptance ratio. The conditional base distributions of the form ρ0(zS |z\S) are assumed to be
explicit and easy to sample from. For a factorized ρ0, this is trivially the case as the conditional
distribution ρ0(zS |z\S) is equal to the marginal ρ0(zS), itself factorized – e.g. for the common
choice ρ0 = N (0d, Id), ρ0(zS |z\S) = N (0du , Idu).

The algorithm shares similarities with neutra-MCMC (algorithm 4), but replaces the local MCMC
updates in the latent space with partial global updates that can more easily jump across modes,
as illustrated by the two-dimensional example in fig. 4. In the context of statistical field theories,
[SG23*] report that GFlowMC can outperform both neutra-MCMC and flow-IMH. In particular,
the number of degrees of freedom updated, du, acts as a tunable parameter for optimizing sampler
performance by trading off acceptance rate against the decorrelation in a single move.

In an application to biomolecular systems, [PG25] exploit a similar idea using continuous
normalizing flows (CNFs). They report that updating a single latent variable at a time (du = 1)
is optimal, and demonstrate a significant acceleration in equilibrating samples of the small,
fast-folding protein Chignolin.

In the strategy described in the above paragraphs, the NF is still trained to approximate the
full target distribution π. An alternative approach consists in leveraging generative models to
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Figure 4: Illustration of the Gibbs flow-Monte Carlo (GFlowMC) algorithm. The target
distribution π is a mixture of two Gaussians (left pannel). The NF inverse transport
map T −1

θ approximately transports π to a standard Gaussian base distribution ρ0
(middle left panel). The GFlowMC algorithm (middle right panel) performs partial
resampling in the latent space of the NF targetting the pullback πTθ

(in orange), here
updating one variable at a time (du = 1). Sending the samples back to the original
space (right panel) evidence the ability of GFlowMC to jump between the two modes
of π. Adapted from the poster of C. Schönle on [SG23*].

sample a low-dimensional coarse-grained representation of the system, which is the idea developed
next.

3.4.2 Collective-variable guided sampling

As already mentioned in the introduction, apart from annealing-based methods, another key
strategy to address metastability in high dimension relies on the existence of a low-dimensional
representation (or coarse-graining), referred to as collective variables (CVs), that effectively
separates the different modes of the target measure. In this context, generative models provide
a flexible and scalable framework to estimate the marginal law of the CVs. In contrast to
traditional non-parametric approaches — which typically restrict CV-guided algorithms to very
low-dimensional CV spaces due to the difficulty of estimating their marginal density — generative
models make it possible to handle significantly higher-dimensional CV spaces. They therefore
extend the range of admissible dimensions for the CV representation in coarse-graining-based
sampling strategies.

Here, we review the approach proposed by [TLG24*; Sch+25a*; Sch+25b*], revisiting the concept
of CV-guided sampling using a NF trained to sample the distribution of the CVs. The approach
is based on non-equilibrium samplers previously discussed without resorting to NFs, notably in
[Nea96; Ath02; Nil+11; CR15].

For simplicity, we discuss the separable case where the CVs are a subset of the full variables,
i.e. x = (z, x⊥) ∈ Rd, with z ∈ Rdz the CVs and x⊥ ∈ Rd−dz the remaining degrees of freedom.
The strategy presented below readily generalizes to an arbitrary CV mapping z = ξ(x) following
[Sch+25b*]. Returning to the separable case, the marginal distribution over CVs of the target
distribution π(x) is given by

πz(z) =
∫

π(z, x⊥) dx⊥ . (32)

The sampling algorithm then relies on two main ingredients:

(i) a NF trained to sample approximately from the marginal distribution of the CVs, its
probability density function is noted ρθ(z),

(ii) a non-equilibrium sampling procedure updating the value of x⊥ conditional on the current
value of the CVs z.
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Let us describe the second ingredient.

Given the current state x = (z, x⊥) and a proposed new value z′ for the CVs, we introduce a
T -step path S(z, z′) = (zt)T

t=0 connecting z to z′, with z0 = z and zT = z′. A simple choice is
the linear interpolation zt = z + (z′ − z) t/T . Starting from x⊥

0 = x⊥, the orthogonal degrees
of freedom are then updated through a sequence of T Markov kernels associated with the
intermediate values zt:

algorithm 8: Non-equilibrium update of orthogonal degrees of freedom

Input: Current state x = (z, x⊥), target CVs z′, Markov kernels (Mz)z∈Rdz ,
Input: number of steps T , schedule S(z, z′) = (zt)T

t=0
Initialize x⊥

0 = x⊥,
for t = 0 . . . K − 1 do

Sample x⊥
t+1 ∼Mzt(·|x⊥

t ),
return Final chain of states

(
zt, x⊥

t

)T

t=0

This elementary algorithm defines a procedure for proposing a new value of the full state
x′ = (z′, x⊥′) = (zT , x⊥

T ) given a proposed CV update z → z′. Although, in principle, any Markov
kernel Mz may be used, efficiency of the algorithm described below requires choosing Mz such
that the resulting proposal (z′, x⊥′) is likely under the target distribution π. A common and
effective choice is a single step of overdamped Langevin dynamics targeting the conditional
distribution π(x⊥ | z) at fixed z:

Mz(x⊥
t+1|x⊥

t ) = N
(
x⊥

t+1; x⊥
t − δt∇x⊥U(z, x⊥

t ), 2δtId−dz

)
, (33)

where δt is a small time-step and U(x) = − log π(x) (up to an additive constant) is the potential
energy function associated with the target distribution.

Using a Markov kernel Q to propose an update of the CV, an accept-reject criterion can be written
à la Metropolis-Hastings to design an MCMC with stationary distribution π. For this, the CV-
schedule needs to be reversible, meaning that S(z, z′) = (zt)T

t=0 implies that S(z′, z) = (zT −t′)T
t′=0.

The probability density of the generated path and the probability density of following the reverse
path with the same protocol are respectively given by

Q(z′|z)
T −1∏
t=0

Mzt(x⊥
t+1|x⊥

t ) , and Q(z|z′)
T −1∏
t′=0

MzT −t′ (x⊥
T −t′−1|x⊥

T −t′) . (34)

Then a sufficient criterion for ensuring that the overall Markov chain leaves π invariant is to
accept the proposed move (z, x⊥)→ (z′, x⊥′) with probability:

α = min
(

1,
π(z′, x⊥′)
π(z, x⊥) ×

Q(z|z′)
Q(z′|z) ×

∏T −1
t′=0 MzT −t′ (x⊥

T −t′−1|x⊥
T −t′)∏T −1

t=0 Mzt(x⊥
t+1|x⊥

t )

)
. (35)

This acceptance rule satisfies a property stronger than detailed balance, sometimes referred to as
super-detailed balance [Fre04; Nil+11]. By using a NF trained to approximate πz to propose
updates in the CV space — that is, by taking Q = ρθ — one can promote transitions between
metastable modes. In turn, this mechanism yields an efficient sampler for complex multimodal
distributions. The complete algorithm reads as follows:
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algorithm 9: Collective-variable guided flow-Monte Carlo (CV-FlowMC)

Initialize x(0) = (z(0), x⊥(0)),
for k = 1 . . . K do

Propose new CVs z′ ∼ ρθ(z),
Generate non-eq. path

(
zt, x⊥

t

)T

t=0
using algorithm 8 with input (z(k−1), x⊥(k−1)) and z′,

Set x′ = (z′, x⊥
T ),

Compute acceptance rate α using eq. (35),
Set x(k) = x′ with probability α, else x(k) = x(k−1),

return samples {x(k)}Kk=1

Many variants of this algorithm can be envisioned, ranging from technical choices in the definition
of the reverse protocol to different selections of the Markov kernels Mz and associated hyper-
parameters (e.g., the number of steering steps T , or the time step δt when using overdamped
Langevin dynamics). We refer to [Sch+25a*; Sch+25b*] for a detailed analysis of these design
choices and their impact on sampler performance. As mentioned above, the method can moreover
be extended to arbitrary CV mappings z = ξ(x) by evolving the orthogonal degrees of freedom
x⊥ at fixed CV values via constrained dynamics, as described in [Sch+25b*].

The core idea, however, is the use of a NF to propose updates in the CV space that traverse
low-probability regions and connect metastable modes. Crucially, the flow is trained only in a
coarse-grained space (dz < d), whose marginal distribution is typically smoother than the full
target distribution π. This substantially alleviates the curse of dimensionality affecting NF-based
samplers in the full space, while preserving their ability to generate large, mode-crossing moves.
In particular, the admissible dimensionality of the CV space is substantially higher than in
traditional CV-based enhanced sampling methods: values on the order of dz ≈ 10s − 100s
appear feasible, whereas standard approaches often struggle beyond dz ≈ 3-4 due to the difficulty
of estimating the marginal distribution in higher dimensions with non-parametric methods.
Preliminary results reported in [Sch+25b*] on toy molecular systems indicate indeed improved
performance as dz increases, which is encouraging for applications to more complex systems.

∗

Finally, here, as for all the exact samplers leveraging NFs discussed in this section 3, we have so
far assumed that the flow is trained beforehand to approximate either the full target distribution
or its marginal over the CV space. The question of how to train such flows efficiently for sampling
purposes is, however, a substantial research direction in its own right, to which we now turn.
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4 Training generative models without data

In their conventional setting, generative models are trained on large datasets consisting of
samples drawn from an unknown target distribution. In scientific computing, the situation is
markedly different: the target distribution π is typically known—at least up to a normalization
constant—and the central challenge is precisely to generate samples from it. This fundamental
distinction calls for a rethinking of the training paradigm. Rather than learning from empirical
data, the model must instead exploit direct access to the unnormalized density of the target
distribution.

In this section, we review several strategies that have been proposed to train generative models
in this setting, organized according to the main classes of transport-based generative models
introduced earlier. Throughout, we use the notation π = e−U /Z for the target distribution,
where U denotes the potential energy function and Z the (unknown) normalization constant.

4.1 Normalizing flows

4.1.1 Variational inference

Minimizing the reverse KL divergence Given their tractable likelihood, NFs are typically
trained for generative modeling by maximizing the likelihood of the training data. Equivalently,
this corresponds to minimizing the Kullback-Leibler (KL) divergence between the data distribution
pdata and the NF distribution ρθ:

DKL(pdata∥ρθ) = Epdata

[
log pdata(x)

ρθ(x)

]
= −H(pdata)− Epdata [log ρθ(x)] , (36)

where H(pdata) is the entropy of the data distribution, independent of the model parameters θ.
In the context of sampling, however, the “data” distribution is replaced by a target distribution
π, and computing expectations with respect to π is typically challenging. There, the reverse KL
divergence can serve as a practical training objective instead:

DKL(ρθ∥π) = Eρθ

[
log ρθ(x)

π(x)

]
= Eρθ

[log ρθ(x) + U(x)] + logZ . (37)

Expectations with respect to ρθ are cheap to estimate by drawing independent samples from the
flow, log ρθ is available in closed form, and logZ is unknown but independent from θ. Minimizing
this objective corresponds to variational inference (VI), a well-established technique in Bayesian
statistics [Jor+99; BKM17].

Variational families for ρθ must maintain tractable sampling and density evaluation. Traditional
choices, such as factorized or Gaussian distributions, are often poorly suited to approximate
complex target distributions because they lack flexibility. NFs, in contrast, are highly expressive
while preserving the required ease of sampling and density evaluation. Using NFs for VI was
first proposed by [RM15], who leveraged the reparameterization trick to avoid backpropagating
through the sampling process. Writing x ∼ ρθ as x = Tθ(z) with z ∼ ρ0 the base distribution,
the effective loss for a batch of N samples zi ∼ ρ0 i.i.d. becomes

ℓN (θ) = 1
N

N∑
i=1

[log ρ0(zi) + log det |∇zTθ(zi)|+ U(Tθ(zi))] . (38)

Following this foundational work, simultaneous applications in statistical physics emerged:
[AKS19] applied NFs to field theories, [Noé+19] to molecular systems – where reverse-KL training
is called “training by energy”–, and [WWZ19] to spin systems (using autoregressive models instead
of flows). However, this seemingly data-free training approach has an important limitation when
applied to multimodal target distributions, a phenomenon often referred to as mode collapse.
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Mode collapse in VI Mode collapse refers to the tendency of the learned distribution ρθ to
cover only a subset of the modes of the target distribution π. This phenomenon stems from the
well-known mode-seeking behavior of the reverse KL divergence: assigning probability mass to
regions where π has low density is penalized much more strongly than failing to cover some modes
of π altogether [Jor+99; Min05]. Crucially, this behavior is intrinsic to the objective function
itself and is therefore not resolved by increasing model expressiveness. As a result, even highly
flexible models such as NFs can suffer from mode collapse, despite their capacity to represent
multimodal distributions, as reported by several authors [Nic+23; Ble+24; GNG25*]. This
limitation is particularly severe in sampling applications of generative models, since multimodal
target distributions are precisely those for which traditional sampling methods struggle the
most.

A number of heuristic strategies have been proposed to alleviate mode collapse in VI when training
NFs for sampling purposes. For example, [Noé+19] introduced a hybrid training procedure that
augments the reverse KL objective with a maximum-likelihood term based on short MCMC
trajectories initialized near distinct modes. Alternatively, [Mid+22] proposed estimating the χ2

divergence between ρθ and π using AIS, and minimizing this estimate instead. Another broadly
applicable approach consists in combining VI with annealing, which we discuss next.

Annealed VI to mitigate mode collapse A natural strategy to mitigate mode collapse when
training NFs is to introduce annealing, in a manner reminiscent of annealed sampling schemes.
The key idea is to define a sequence of intermediate distributions (πk)K

k=0 interpolating between
a simple unimodal distribution π0 and the target distribution πK = π. The NF is then trained
sequentially: at each stage k, variational inference (VI) is used to approximate πk, initializing
the parameters of ρθk from those obtained at stage k − 1.

In practice, the intermediate distributions are often defined through tempering of the target
distribution, πk ∝ e−βkU , with a monotonically increasing sequence of inverse temperatures
β0 < β1 < . . . < βK = 1 or through a geometric interpolation toward a chosen π0, πK ∝
πk/Kπ

(K−k)/K
0 . The progressive training strategy along the interpolation path enables the NF to

gradually discover and cover distinct modes of the target distribution, thereby reducing the risk
of mode collapse.

Annealed VI has demonstrated empirical success across a range of applications: the exploration
of complex Bayesian posteriors [Hua+18; WCD25], the sampling of Boltzmann distributions in
statistical mechanics [WWZ19; Hac+21; SF25], and in optimization tasks ranging from locating
multiple modes [LeM+25] to identifying global minima [Hib+21; KIH25; BRZ25]. A closely
related strategy is employed in the previously discussed (CR)AFT samplers [AMD21; Mat+22],
where the flow architecture itself is expanded at each stage by adding new layers, rather than
retraining a fixed model.

Despite these encouraging results, performance remains highly sensitive to the annealing sched-
ule—most notably the choice of the initial distribution π0 and the rate at which the transition is
operated toward the target distribution. To date, theoretical guidance on these choices within the
VI framework remains limited. Recent work [SGL25*; FLG26*], however, has begun to analyze
the behavior of (annealed) VI in simplified settings, in particular Gaussian mixture models.

In [SGL25*], the authors identify a critical threshold for the separation between modes—dependent
on their relative weights but independent of the ambient dimension—that determines whether
mode collapse occurs. This behavior is also observed empirically when training NFs on Gaussian
mixtures. Building on this analysis, [FLG26*] derive a closed-form expression for the probability
of mode collapse in the bimodal Gaussian mixture case, enabling a more detailed study of the
impact of the annealing schedule. Their results confirm the mitigating role of annealing and
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provide concrete guidance for its practical implementation: starting from a sufficiently high
temperature is not, by itself, sufficient—one must also ensure that the annealing schedule is slow
enough. These theoretical predictions are again supported by experiments with NFs trained on
Gaussian mixtures.

These works constitute an important first step toward a more rigorous understanding of (annealed)
VI with expressive generative models, such as NFs, and offer valuable insight for its use in
challenging sampling applications.

4.1.2 Adaptive strategies

While training NFs via the reverse KL divergence requires explicit safeguards against mode
collapse—such as annealing—an alternative line of work has focused on retaining the standard
and notably stable maximum-likelihood training paradigm. Because direct samples from the
target distribution π are not available, these approaches rely on adaptive strategies in which data
collection and model training are interleaved. This idea was first introduced by [PM18] in the
context of triangular transport maps, independently extended to general variational families by
[NLB20], and later rediscovered for modern NFs in [GRV22*; GRV21*]. We summarize the latter
approach below.

The adaptive training procedure runs an MCMC chain targeting π, which alternates between
two types of Markov update kernels:

(i) A local MCMC kernel (e.g., Langevin or HMC) that leaves π invariant and explores the
target distribution, denoted Mπ below;

(ii) A global NF-based kernel that also leaves π invariant – such as the flow-IMH kernel described
in algorithm 2 –and enables long-range, mode-crossing updates, denoted Mρθ

below.

The NF is periodically retrained by maximum likelihood on the samples collected so far, leading
to the following overall scheme:

algorithm 10: Adaptive flow Monte Carlo (A-flowMC)

Input: Initial NF parameters θ, learning rate η, frequency of global jumps Kg, frequency of
retraining Kt

Initialize x(0,m) for m = 1 . . . M in basins of attraction of the distinct modes of π
for k = 1 . . . K do

if k mod Kg = 0 then
Global NF-based move x(k,m) ∼Mρθ

(·|x(k−1,m))
else

Local MCMC move x(k,m) ∼Mπ(·|x(k−1,m))
if k mod Kt = 0 then

θ ← θ + η

Mk

M∑
m=1

k∑
ℓ=1
∇ log ρθ(x(ℓ,m))

return trained flow ρθ, samples
(
x(k,m)

)M,K

m,k=1

Variants of this basic scheme include discarding the oldest samples to limit memory usage,
subsampling mini-batches from previously collected samples, performing multiple gradient steps
at each retraining stage, and using more advanced optimizers such as Adam instead of simple
stochastic gradient descent (SGD).

The key feature of this approach is that it simultaneously achieves two objectives: it produces
unbiased samples from the target distribution π, and it trains a NF that can subsequently be used
within an efficient standalone sampler from section 3. From a theoretical standpoint, however,
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proving convergence of such adaptive MCMC schemes—where the transition kernel evolves over
time based on the history of the chain and thus violates the Markov property—is non-trivial
[Bro+22*]. In particular, convergence of the Markov chain to the target measure π typically
requires the adaptation to vanish asymptotically. In practice, this issue can be sidestepped
by stopping the training once the NF is deemed sufficiently accurate, and then continuing the
simulation with a fixed kernel to generate exact samples from π.

The benefit of alternating between local and global moves is that the two components reinforce
each other. Local MCMC updates explore individual modes in detail, providing training data
that allow the NF to capture local structure, while the NF enables global proposals that help
the chain escape metastable states. Together, these mechanisms facilitate accurate estimation
of the relative weights of the different modes. Rigorous analyses demonstrating the advantages
of combining local and global sampling have been established for NFs in [Sam+22*] and for
autoregressive models in [DRZ25; BRZ25].

Provided that the MCMC chains can be initialized in all modes of interest of the target distribution,
the maximum-likelihood objective naturally prevents mode collapse, since all modes present in
the training data must be represented by the NF. A notable exception arises for modes that are
significantly rarer than others: in this case, some training batches may contain no samples from
these rare modes, causing the NF to accidentally forget them. This issue can be mitigated by
enforcing that training batches include samples from all relevant modes, or by using a mixture of
NFs in which each component is trained on a specific mode and the mixture weights are lower
bounded [GRV21*; Hac+21; Mol+24*]. Aside from these rare-mode scenarios—which require
special care—the main limitation of adaptive strategies based on maximum-likelihood training
remains the need to initialize chains in all relevant modes. As for mode collapse, this limitation
can be alleviated by resorting to annealing, as discussed next.

4.1.3 Sequential tempering

The idea of adaptive maximum-likelihood training can be easily combined with annealing in
order to relax the assumption that all relevant modes of the target distribution are known in
advance. This sequential tempering is therefore built upon an annealing schedule (πk)K

k=0 defined,
as before, with π0 a simple, typically unimodal distribution and πK = π the target distribution
and follows an iterative procedure.

The algorithm is initialized by sampling from π0 using a suitable MCMC method, a task that is
assumed to be straightforward. A NF is then trained by maximum likelihood on the resulting
samples from π0. Once trained, the NF is used to facilitate sampling from the slightly more
challenging distribution π1, for instance via flow-IMH (algorithm 2). The samples collected at
this stage are used in turn to retrain the NF by maximum likelihood, initializing the optimization
from the parameters learned at the previous level. This procedure is repeated iteratively along
the annealing path until the target distribution πK is reached, leading to the following overall
scheme:
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algorithm 11: Sequential tempering

Input: Initial NF parameters θ, learning rate η
x(0,m) ∼ π0 using MCMC for m = 1 . . . M
for k = 0 . . . K − 1 do

repeat

θ ← θ + η

M

M∑
m=1
∇ log ρθ(x(k,m))

until convergence
x(k+1,m) ∼ flow-IMH targeting πk+1 using current ρθ for m = 1 . . . M

return trained flow ρθ, samples
(
x(K,m)

)M

m=1

Training the flow to convergence at each annealing stage robustly prevents mode collapse, provided
that the annealing schedule is sufficiently fine. This conservative strategy was termed “adiabatic
retraining” by [Hac+21]. In practice, however, it may be computationally more efficient to
perform only a limited number of training steps at each stage, in the same spirit as adaptive
training without annealing (algorithm 10).

This sequential tempering strategy has been primarily explored in the context of sampling
disordered spin systems using autoregressive models, beginning with the work of [McN+20]
and subsequently adopted in [Cia+23; DRZ25; BRZ25]. Such settings are particularly well
suited to sequential tempering, as the number and location of modes are typically unknown.
Nevertheless, the approach may still fail to produce exact samples when the target distribution is
too complex to be faithfully represented by the chosen model class. This limitation was illustrated
in [Cia+23], where autoregressive models were found to be inadequate for sampling solutions of
a graph-coloring constraint satisfaction problem.

Going further, [Cia+23] analyze the mechanisms underlying these failures by comparing different
training objectives, namely VI and maximum-likelihood training with tempering. VI tends
to produce approximations ρθ that underestimate the entropy of π, in line with the mode
collapse phenomenon, while still generating configurations with appropriate energies. In contrast,
maximum-likelihood training accurately captures the entropy but often yields configurations
with energies higher than those of the true equilibrium distribution. While this study focused
on autoregressive models, similar phenomena are likely to arise when training NFs under either
objective. To move beyond these limitations, one can consider alternative classes of transport-
based generative models amenable to different training objectives, as detailed in the next
sections.

4.2 Continuous annealed flows

CNFs based on ODEs are typically more expressive than their discrete counterparts. However,
evaluating their likelihood (see eq. (8)) is computationally demanding and inevitably subject to
discretization error. Consequently, the training methods described in the previous sections for
normalizing flows are not well suited to the continuous setting.

Instead, one can exploit the intrinsic continuity of CNFs and train them for sampling by matching
the trajectories of the flow to a prescribed annealing path of distributions. Here we consider
a path (πt)t∈[0,1] indexed by a continuous time t ∈ [0, 1], with π0 a simple distribution and
π1 = π the target. This approach was first developed for deterministic continuous flows (as
CNFs presented in section 2.1.2). It was subsequently extended to a stochastic variant, which we
discuss afterward.
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Deterministic flows following an annealing path The goal is to learn a velocity field vθ(x, t)
such that the time marginal ρθ,t—i.e., the instantaneous distribution of the solution to

dXt

dt
= vθ(Xt, t), X0 ∼ ρ0 = π0, (39)

matches the prescribed family distributions πt for all t ∈ [0, 1]. Following [MF23; TPL24;
Fan+24], one can derive a learning objective as follows. Write πt as a Boltzmann distribution
πt(x) = e−Ut(x)/Zt, where Ut is a known time-dependent energy (e.g. Ut = tU1 + (1− t)U0) and
Zt is the associated (intractable) partition function. A velocity field v that exactly transports π0
to πt at time t, satisfies the continuity equation

∂tπt +∇ · (πtv) = 0 ⇒ ∂tπt = −∇ · (πtv) = −πt
(
∇ · v −∇Ut · v

)
, (40)

where in the last equality we used ∇πt = −πt∇Ut. On the other hand, we also have

∂tπt = −πt
(
∂tUt + ∂t logZt

)
. (41)

Comparing eqs. (40) and (41) shows that any velocity field v that perfectly matches the reference
path must satisfy on the support of πt for all t,

∂tUt + ∂t logZt = ∇ · v −∇Ut · v. (42)

To turn eq. (42) into a tractable training objective for vθ, we must address the fact that logZt is
unknown. However, one can show that any triplet (v, U,Z) satisfying eq. (42) for all x and t
necessarily also satisfies Zt =

∫
e−Ut(x) dx for all t (see, e.g., Lemma 1 in [MF23]). This motivates

treating logZt as an additional time-dependent function to be learned; here we parameterize
it as −Fθ(t), in analogy with the free energy.4 Enforcing eq. (42) by minimizing the squared
residual in expectation under a user-chosen sampling distribution ρt yields the loss

L(θ) =
∫ 1

0
dt

∫
dx ρt(x) |∂tUt(x)− ∂tFθ(t)−∇ · vθ(x, t) +∇Ut(x) · vθ(x, t)|2 . (43)

This objective corresponds to a so-called physics-informed neural network (PINN) loss. It
involves parameterizing both the velocity field vθ and the free energy Fθ with neural networks,
and evaluating the loss by computing the required derivatives in the residual via automatic
differentiation.

In practice, the choice of where to evaluate the loss is critical, since the velocity field only needs
to be accurate in regions where πt has significant probability mass and which are therefore likely
to be explored during sampling. A common choice is to set ρt = StopGrad(ρθ,t),5 focusing efforts
on regions discovered during training. It has also been observed that training is more stable
when one begins with concentrating on small times t and progressively extends the time horizon,
in a manner reminiscent of sequential tempering or of the AFT/CRAFT algorithms previously
discussed for discrete-time NFs. Another strategy to avoid starting without guidance about where
the probability mass lies is to complement the learned transport with an annealed Langevin
dynamics, as discussed next.

Langevin-driven stochastic flows Given the reference path (πt)t∈[0,1], consider the annealed
Langevin dynamics with time-dependent diffusion coefficient γt:

dXt = −γt∇Ut(Xt) dt +
√

2γt dWt, X0 ∼ π0. (44)
4Note that [MF23] instead approximate ∂t log Zt directly.
5The dependency of the argument of StopGrad on trainable parameters is ignored during training.
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Because the potential Ut evolves continuously in time, this dynamics is out- of-equilibrium and
does not in general follow the prescribed path πt. However, a remarkable result from stochastic
thermodynamics shows that one can modify the dynamics by adding a control term v to the drift
so that the resulting controlled process tracks the reference path πt exactly at all times [VJ08].
This idea was revisited by [Var+24; AV25] using modern neural networks to learn the control
drift for sampling purposes.

The derivation relies on the Fokker-Planck equation. In addition to eqs. (40) and (41), the
density πt satisfies

∇πt = −∇Ut πt ⇒ 0 = γt
(
∇πt +∇Utπt

)
⇒ 0 = γt∇ ·

(
∇πt +∇Utπt

)
. (45)

Adding this identity to the continuity equation eq. (40), satisfied by any velocity field v that
perfectly generates πt, yields

∂tπt = −∇ · (πtv) + γt∇ · (∇πt +∇Utπt) = −∇ ·
(
πt(v − γt∇Ut)

)
+ γt∆πt, (46)

which is precisely the Fokker-Planck equation associated with the controlled Langevin dynamics

dXt =
(
v(Xt, t)− γt∇Ut(Xt)

)
dt +

√
2γt dWt, X0 ∼ π0. (47)

Therefore, learning a control vθ by minimizing the PINN loss eq. (43) produces a controlled
Langevin dynamics (47) that approximately follows the reference path πt. At the beginning of
training, the control is expected to be inaccurate, so the dynamics will not yet track πt precisely.
Nevertheless, thanks to the intrinsic Langevin drift −γt∇Ut, at the same stage of training, it
remains closer to the reference path than the purely deterministic ODE discussed in the previous
paragraph.

Learning the annealing path jointly with the dynamics Finally, we note that within this
framework it has also been proposed to learn the annealing path (πt)t∈[0,1] itself, in addition to
the velocity field and the free energy [MF23; AV25]. This additional layer of learning is motivated
by the observation that, as for any annealing based sampling or training approach, the choice of
path can have a substantial impact on sampling performance. In particular, phase transitions
along the path—namely abrupt changes in the localization or relative weights of the modes—are
expected to severely hinder sampling efficiency.

In [MF23], the energy Ut is treated as a trainable function of the form

Uθ,t = tU1 + (1− t)U0 + t(1− t)Ûθ,t (48)

where Ûθ,t is parameterized by a neural network. The authors minimize the same PINN loss
eq. (43) jointly over vθ, Fθ, and Uθ. The resulting objective is likely to admit many solutions,
and it remains unclear how to systematically favor those leading to favorable sampling properties.
Nevertheless, this approach constitutes a first step toward learning annealing paths automatically,
and encouraging numerical results are reported in simple settings where traditional annealing
schemes of geometrical averaging or temperature scheduling struggle.

In contrast, [AV25] mention the possibility of learning the energy function associated with the
marginal distribution of a stochastic interpolant (see eq. (16)), although without providing
theoretical guarantees or numerical evaluation. The appeal of this choice is not accidental:
stochastic interpolant bridges are typically smooth and regular, thereby avoiding the sharp
transitions and mode switching that plague many traditional annealing paths. This regularity is
also characteristic of diffusion models and partly underlies the considerable attention they have
received for sampling applications, as discussed in the next section. Namely, we now turn to
examine how diffusion models can be trained for sampling purposes.
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4.3 Diffusion models

Due to the stochastic nature of the generative process, likelihood evaluation for diffusion models
is even less tractable than for continuous NFs, for which the variational and adaptive training
methods presented in section 2.1.2 are already of limited practical suitability. Moreover, diffusion
models inherently define their own bridging path between a simple reference distribution and
the target, and therefore cannot be trained to follow a prescribed annealing path as CNFs. For
these reasons, diffusion models have prompted the development of a distinct family of training
objectives tailored to sampling.

The reader interested in disordered statistical physics system and high-dimensional statistics
should refer to [AMS22; Mon23; MW24; Ghi+24]. In these special instances, the score can be
computed using message passing algorithms. We do not discuss these approaches here and focus
instead on general purpose strategies.

We begin by clarifying the challenges associated with likelihood estimation in diffusion models
(section 4.3.1) before turning to alternative training approaches that circumvent explicit likelihood
computation (sections 4.3.2 and 4.3.3).

4.3.1 On estimating the likelihood of diffusion models

We adopt the notation introduced in section 2.2 and consider a diffusion model based on the
OU noising process (eqs. (10) and (11)). The instantaneous probability density of the process
is denoted by πt. After learning a score model sθ(t, x) ≈ ∇ log πt(x), the generative procedure
approximates the denoising dynamics via the reverse-time SDE:

dXt =
(
Xt + 2sθ(T − t, Xt)

)
dt +

√
2 dWt, X0 ∼ N (0, I), (49)

with instantaneous density denoted by ρθt. One seeks to estimate ρθT . The Fokker-Planck
equation governing the evolution of the density ρθt,

∂tρθt = −∇ ·
(
(x + 2sθ(T − t, x))ρθt

)
+ ∆ρθt (50)

is not tractable to solve directly. To circumvent this difficulty, one can instead consider a
deterministic process that shares the same time marginals as the exact noising-denoising dynamics.
Such a process can be derived by examining the Fokker-Planck equation associated with the OU
SDE in forward time τ :

∂τ πτ = −∇ ·
(
− xπτ

)
+ ∆πτ

= −∇ ·
(
− xπτ

)
+∇ ·

(
∇ log πτ (x)πτ

)
= −∇ ·

(
(−x−∇ log πτ (x)) πτ

)
,

which can be interpreted as a continuity equation with velocity field vτ (x) = −x−∇ log πτ (x).
Replacing the true score ∇ log πτ with its learned approximation sθ(τ, x) and switching to reverse
time t = T − τ yields the deterministic denoising process:

dXd
t =

(
Xd

t + sθ(T − t, Xd
t )
)

dt, Xd
0 ∼ N (0d, Id), (51)

whose instantaneous density is denoted by ρθ
d
t . At this stage, the diffusion model can be view as a

CNF, for which the likelihood along a trajectory (Xd
t )t∈[0,T ] can be estimated by the instantaneous

change of variables formula ( eqs. (7) and (8)),

log ρθ
d
T (Xd

T ) = log ρθ
d
0(Xd

0 )−
∫ T

0
∇ ·

(
Xd

t + sθ(T − t, Xd
t )
)

dt. (52)
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As discussed earlier for CNFs, estimating this integral is challenging. The divergence term
requires backpropagating through the score model, with a computational cost that scales with the
ambient dimension. In practice, the divergence is therefore often approximated using Hutchinson’s
trace estimator, introducing an additional source of error that compounds with the unavoidable
discretization error of the time integral. Finally, this change-of-variables formula only yields
the likelihood of the deterministic denoising process ρθ

d
T , which itself merely approximates the

density ρθT associated with the stochastic denoising SDE.

Several works have sought to improve the accuracy of likelihood estimation for diffusion models,
motivated by different objectives. A detailed discussion of these methods is beyond the scope
of this manuscript; we therefore briefly highlight two representative research directions. The
approach proposed in [Cho+22] introduces an auxiliary model to estimate so-called time scores
∂t log πt(x), which can be used to bypass the explicit computation of the divergence term
in the change-of-variables formula, while remaining focused on the deterministic denoising
process. In contrast, [Skr+24] applies Itô’s lemma to derive an instantaneous change-of-variables
formula directly along the stochastic denoising dynamics. Although both approaches lead to
improved likelihood estimates, their accuracy remains fundamentally limited by the increasing
dimensionality of the problem. We therefore turn next to likelihood-free (and data-free) strategies
for training diffusion models in the context of sampling.

4.3.2 Monte Carlo estimation of the score

A first class of methods has sought to exploit Monte Carlo estimators of the score function
∇ log πt in order to obtain diffusion models from the target distribution π without access to a
training dataset. As already mentioned in the introduction on diffusion models (section 2.2), the
score function can be expressed as a conditional expectation with respect to the noising process.
For the OU process, recalling eq. (13), we have

∇ log πτ (x) = −Ex0

[
x− x0e−τ

1− e−2τ

∣∣∣∣∣ X̃τ = x

]
. (53)

Constructing a Monte Carlo estimator of the score therefore amounts to sampling from q0|τ (·|x),
the conditional distribution of the noiseless state x0 given that the noising process reaches x at
time τ . This distribution is obtained via Bayes rule and, again for the OU process, is given by
q0|τ (·|x) ∝ π(x0)N (x ; x0e−τ , (1− e−2τ )Id). Several estimation strategies have been proposed.

On-the-fly estimation The sampler proposed by [Hua+24] runs the denoising dynamics of a
diffusion model starting from t = 0 and X0 ∼ N (0, I), but replaces the learned score function
with an on-the-fly Monte Carlo estimate of the score. This estimate is obtained by running short
Langevin trajectories targeting q0|T −t(·|x) at each time step. At denoising time t, the algorithm
to estimate the score ∇ log πT −t(x) proceeds as follows:

algorithm 12: On the fly score estimation by Langevin dynamics

Input: Number of Langevin steps L, number of Langevin chains N , Langevin step size η,
time t, conditioning point x

Initialize Langevin chains x
(0,i)
0 for i = 1 . . . N

for ℓ = 1 . . . L do
for i = 1 . . . N do

x
(ℓ,i)
0 = x

(ℓ−1,i)
0 + η∇ log q0|T −t(x

(ℓ−1,i)
0 |x) +

√
2η ξi,ℓ, with ξi,ℓ ∼ N (0, I)

return Score estimate ŝ(t, x) = − 1
N

∑N
i=1

x−x
(L,i)
0 e−(T −tk)

1−e−2(T −tk)

Using a simple Euler-Maruyama discretization of the denoising SDE, the resulting sampling
algorithm for the target distribution π is:
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Figure 5: Illustration on a 1d multimodal target distribution π of the transition of the marginal
ρT −t from being unimodal at small times t to multimodal at larger times, and the
reciprocal transition of the conditional distribution q0|T −t(·|x) from being multimodal
at small times to unimodal at larger times. Adapted from [Gre+24*].

algorithm 13: Reverse diffusion Monte Carlo (RDMC)

Input: Number of denoising steps K, time horizon T , time scheduling {tk}Kk=1 with tK = T
Initialize X0 ∼ N (0, I)
for k = 1 . . . K do

∆tk = tk − tk−1
Estimate the score ŝ(tk, Xk−1) by running algorithm 12
Update Xk = Xk−1 +

(
Xk−1 + 2ŝ(tk, Xk−1)

)
∆tk +

√
2∆tk ξk, with ξk ∼ N (0, I)

return XK

The inner loop of Langevin dynamics at each time step of the outer denoising process estimates the
score on the fly, without requiring a training dataset. However, the quality of the score estimation
is inherently limited by the ability of Langevin dynamics to sample accurately from q0|T −t(·|x).
When π is multimodal, q0|T −t(·|x) typically undergoes a transition: it is multimodal close to
t = 0 (since q0|T ≈ π) and becomes unimodal as t increases (since the conditional distribution
approaches a Gaussian centered at the conditioning x rescaled by eT −t, see illustration in fig. 5).
Since Langevin dynamics is known to mix poorly when targeting multimodal distributions, this
algorithm must be modified when π is multimodal.

Motivated by this observation, [Gre+24*] proposed a modification of the previous algorithm.
Since q0|T −t(·|x) becomes increasingly log-concave as t increases, the denoising process can be
initialized at a time t0 > 0 for which q0|T −t0(·|x) is already unimodal. However, this new starting
time brings a difficulty. While starting the denoising process at t = 0 only requires sampling
from the standard Gaussian base distribution, initializing at t0 > 0 instead requires sampling
from the intermediate noised marginal

πT −t0(x) =
∫

dx0 π(x0)N
(
x; x0e−(T −t0),

(
1− e−2(T −t0)

)
I
)

, (54)

which involves an intractable convolution of the target distribution π with a Gaussian kernel.
Nevertheless, the score of this distribution, ∇ log πT −t0(x), is given by the same conditional
expectation as in eq. (53) with τ = T − t0, and can therefore be estimated using algorithm 12.
Since the score of a distribution is sufficient to sample from it using Langevin dynamics, [Gre+24*]
proposes to run a Langevin-within-Langevin dynamics to initialize Xt0 ∼ πT −t0 , before proceeding
with the same denoising procedure as in [Hua+24]. The resulting algorithm named stochastic
localization through iterative posterior sampling (SLIPS) is summarized in algorithm 14.

The original formulation of SLIPS uses the stochastic localization process as the outer denoising
dynamics. This process can be viewed as a variant of the denoising dynamics that starts from a
Dirac distribution at t = 0 rather than from a Gaussian. Its name originates from the stochastic
localization framework introduced in [Eld13; Eld20; Eld22; CE22], where it was developed as a
tool to establish results in geometric measure theory. However, the same idea can also be applied
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to the standard denoising dynamics used in diffusion models, leading to the algorithm described
in algorithm 14.

algorithm 14: Stochastic localization through iterative posterior sampling (SLIPS)

Input: Initialization time t0, number of denoising steps K, time horizon T , time scheduling
{tk}Kk=1 with tK = T , number of Langevin steps L, number of Langevin chains N , Langevin
step size η
Initialize Xt0 randomly
for ℓ = 1 . . . L do

Estimate the score ŝ(t0, Xt0) by running algorithm 12
Xt0 ← Xt0 + η

(
Xt0 + 2ŝ(t0, Xt0)

)
+
√

2η ξℓ, with ξℓ ∼ N (0, I)
for k = 1 . . . K do

∆tk = tk − tk−1
Estimate the score ŝ(tk, Xk−1) by running algorithm 12
Update Xk = Xk−1 +

(
Xk−1 + 2ŝ(tk, Xk−1)

)
∆tk +

√
2∆tk ξk, with ξk ∼ N (0, I)

return XK

Starting at t0 > 0 allows the algorithm to bypass the multimodality of q0|T −t(·|x) at earlier times
t < t0, but it also introduces an additional source of error associated with the initialization of
the denoising process. The quality of this initialization now depends on the ability of Langevin
dynamics to sample from πT −t0 . In contrast to the conditional distribution q0|T −t(·|x), the
distribution πT −t0 is unimodal for t0 small enough (since πT ≈ N (0, I), see again illustration of
fig. 5). Hence, the approach of [Gre+24*] accommodates multimodal target distributions π at the
cost of identifying a suitable starting time t0 at which both πT −t0 and q0|T −t0(·|x) are unimodal,
or more conservatively log-concave. This requirement is referred to as the duality of concavity.
Such a regime is not guaranteed to exist for all target distributions π. [Gre+24*] identifies
a class of distributions for which the duality of log-concavity condition can be satisfied and
demonstrated in numerical experiments accurate sampling of multimodal distributions beyond
this class. However, determining the appropriate starting time t0 in general remains an open
question.

As an alternative to the standard denoising score matching loss used to train diffusion models
from data, [Hua+24; Gre+24*] discussed above propose Monte Carlo estimators of the score.
These approaches eliminate the need to train a neural network altogether by performing score
estimation on the fly during the denoising sampling process, thereby yielding non-parametric
methods. While this strategy avoids issues related to model misspecification, it precludes any
form of amortization of the score estimation. A natural extension in this direction, discussed in
the following paragraphs, is to regress a parametric score model onto the Monte Carlo estimates,
enabling faster resampling once training is completed.

Adaptive regression of a Monte Carlo estimator of the score Let ŝ(x, τ) be a Monte Carlo
estimator of the score ∇ log πτ (x). In order to amortize the score estimation, one can train a
parametric model sθ(x, τ) by regressing it onto ŝ(x, τ). Since it is unrealistic to expect ŝ(x, τ) to
be accurate everywhere in the state space, a key question is how to select the points at which
the regression loss should be evaluated. Ideally, the learned score should be accurate in regions
of high probability under πτ that are likely to be visited during the denoising process. In the
absence of training data, however, achieving such localization is extremely challenging

In a philosophy closely related to the adaptive training strategies for NFs described in section 4.1.2,
the approach proposed by [Akh+24] leverages the availability of a small number of low-quality
target samples, which in particular provide information about the location of the different modes.
These initial samples are used to initialize a buffer of datapoints. Points from this buffer are
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used as initial conditions for noising trajectories to generate an initial set of points on which
the regression loss is evaluated. The learned score model is subsequently used to generate new
denoised samples, which are added to the buffer, and the procedure is then repeated. This
iterative scheme allows the score model to progressively improve its accuracy in regions of high
probability under πt that are most relevant for sampling from π. Using a mean squared regression
loss, and a simple Euler-Maruyama discretization of the noising process, the resulting algorithm
can be sketched as follows:
algorithm 15: Iterated score regression

Input: Initial score model parameters θ, learning rate η, noising time step ∆τ , number
of iterations K, size of batch of trajectories per iteration B, x(0,m) for m = 1 . . . M a few
low-quality samples from π
Initialize buffer B = {x(0,m)}Mm=1
for k = 1 . . . K do:

Sample x(i) ∼ B for i = 1 . . . B

Initialize x̃
(i)
0 = x(i) for i = 1 . . . B

for τ = 0 . . . T do
x̃

(i)
τ = (1−∆τ)x̃(i)

τ−1 +
√

2∆τ ξi with ξi ∼ N (0, I)for i = 1 . . . B (noising trajectories)
Evaluate regression loss L(θ) = 1

B(T +1)
∑B

i=1
∑T

t=0 ∥sθ(t, x̃
(i)
t )− ŝ(t, x̃

(i)
t )∥2

θ ← θ − η∇L(θ)
Sample x(k,m) from the diffusion model using the current score model sθ for m = 1 . . . M
x(k,m) ← StopGrad(x(k,m)) for m = 1 . . . M (prevent backprop. through sampling process)
Add new samples to the buffer B ← B ∪ {x(k,m)}Mm=1return trained score model sθ

In their approach, [Akh+24] employ an importance sampling estimator of the score derived from
the conditional expectation formula in eq. (53). In practice, however, importance sampling is not
expected to scale well to high-dimensional settings. Nevertheless, the idea of amortizing score
estimations through a regression model evaluated on an adaptive buffer of samples is appealing.
Overall, the remaining open question in this line of research estimating the score by Monte Carlo
concerns the choice of the sampler for the estimator, as both Langevin dynamics and importance
sampling suffer from intrinsic limitations, as discussed above.

4.3.3 Revisiting variational inference with stochastic optimal control

Another line of work, which bypasses both the need to estimate likelihoods and the need for
training samples when learning diffusion models, exploits the connection between diffusion
models and stochastic optimal control problems [TR19; ZC21; BRU23; VGD23; RB23; Zha+23;
Nob+25*; Hav+25]. This connection can also be interpreted through the lens of variational
inference. Without aiming for full mathematical rigor, we provide below a high-level sketch of
this relationship.

For simplicity, we restrict attention to the OU noising process of the target distribution π, denoted
X̃τ for τ ∈ [0, T ], and to the associated exact denoising process Xt for t ∈ [0, T ], respectively
defined by the SDEs

dX̃τ = −X̃τ dτ +
√

2 dWτ , X̃0 ∼ π (55)
dXt = (Xt + 2∇ log πT −t(Xt)) dt +

√
2 dWt, X0 ∼ N (0, I). (56)

The trajectories (Xt)t∈[0,T ] are distributed according to a path measure Pπ. The goal of sampling
from π can then be rephrased as seeking to sample from Pπ. Following VI, one may seek to
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approximate Pπ by a variational path measure Pθ, generated by an SDE similar to the denoising
process but parametrized by a score model sθ:

Pθ
law= dXt = (Xt + 2sθ(Xt, T − t)) dt +

√
2 dWt, X0 ∼ N (0, I). (57)

The parameters of the score sθ are learned by minimizing the KL divergence between the two path
measures Pπ and Pθ. A tractable expression of this KL divergence can be derived by introducing
a reference path measure Pref. This path measure is the law of the trajectories (Xref

t )t∈[0,T ] of
the time-reverse of the OU noising process X̃ref

τ initialized at t = 0 with a distribution ρref:

dX̃ref
τ = −X̃ref

τ dτ +
√

2 dWτ , X̃ref
0 ∼ ρref (with time marginal ρref,τ ) (58)

dXref
t = (Xref

t + 2∇ log ρref,T −t(Xref
t )) dt +

√
2 dWt, Xref

0 ∼ N (0, I). (59)

The reference distribution ρref is chosen to be sufficiently simple so that the score of its noised
marginals ρref,τ is tractable at all times, which is the case, for instance, when ρref is Gaussian.
Reparametrizing the score of the variational path measure as sθ(x, t) = ∇ log ρref,T −t(x) + uθ(x, t),
with uθ being the residual learnable term, the KL divergence between Pπ and Pθ can then be
expressed as

DKL(Pθ∥Pπ) = EPθ

[
log dPθ

dPπ

]
= DKL(Pθ∥Pref)− EPθ

[
log ρref(XT )

π(XT )

]
= EPθ

[∫ T

0

√
2∥uθ(Xt, T − t)∥2 dt− log ρref(XT )

e−U(XT )

]
+ const. (60)

The second equality follows from Girsanov’s theorem. The resulting training objective eq. (60)
directly reads as a stochastic optimal control problem, with uθ playing the role of the control.
The control is learned so as to minimize a cost functional balancing a running cost

∫ T
0 ∥uθ(Xt, T −

t)∥2 dt, which penalizes deviations from the reference process, and a terminal cost log ρref(XT )
e−U(XT ) ,

which encourages the terminal state XT to follow the target distribution π.

This objective can be optimized by sampling trajectories from the variational path measure Pθ

and evaluating the cost functional along these trajectories. The tractability of the scores of the
reference process ensures that Pθ can be sampled efficiently, while the terminal cost only requires
evaluating the unnormalized density of the target distribution π. This formulation provides a
principled way to train diffusion models for sampling without access to a training dataset or to
the likelihood of the model.

However, this training objective is computationally expensive, as it requires re-sampling, and
backpropagating through, trajectories from the variational path measure Pθ at each training
iteration to evaluate the gradients of the cost functional. To alleviate this cost, [RB23] proposes
an alternative objective, termed the log-variance loss. In place of the KL–that is, the expectation
under the variational measure of the logarithm of the Radon-Nikodym derivative between
the variational and target path measures–, the log-variance loss is the variance of this same
log-derivative with respect to an arbitrary path measure P̃:

DLV(Pθ∥Pπ) = VP̃

[
log dPθ

dPπ

]
. (61)

This quantity can also be re-expressed into a tractable form using the reference process. The
possibility to use an arbitrary path measure P̃ to evaluate the variance provides additional
flexibility and circumvent the need to backpropagate trough trajectories. In practice, a common
choice remains P̃ = StopGrad(Pθ)6 as in the original KL formulation, albeit potentially re-using

6The dependence in the trainable parameters of the argument of StopGrad is ignored during learning.
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a buffer of trajectories generated at previous values of θ. The log-variance loss is shown to exhibit
lower variance and, to some extent, to be less prone to mode collapse than the traditional KL
objective.

Among other attempts to reduce computational cost, [Zha+23] uses partial trajectories and
[Hav+25] leverages the adjoint method to compute gradients of the KL divergence with respect to
θ, showing that under some conditions the adjoint-base objective can be heuristically simplified
to avoid systematic resampling of trajectories at each training iteration.

Beyond these computational considerations, two additional aspects of this variational approach
warrant careful examination: the parametrization of the control and the choice of the reference
distribution ρref. Concerning the control, [He+25] show that a so-called Langevin preconditioning,
first introduced by [ZC21], is necessary for the resulting generative process to properly cover the
target distribution. This preconditioning consists in informing the score of the variational path
measure Pθ with the score of the target distribution π following:

sθ(x, t) = sθ1,θ2(x, t) = NNθ1(x, t) + NNθ2(t)∇ log π(X), (62)

with NNθ1 : Rd × [0, 1] → Rd and NNθ2 : [0, 1] → R neural networks initialized such that
NNθ1 ≈ 0d and NNθ2 ≈ 1 at initialization. This parametrization ensures that, in the early
stages of training, the denoising process closely resembles a Langevin dynamics targeting the
distribution π, and therefore will progressively locate high-probability regions of the target.

Concerning the path measure, in principle, any Pref can be used within the variational framework,
provided that the scores of the noised marginals ρref,τ remain tractable. In practice, however,
the choice of ρref has a significant impact on training outcomes, particularly when targeting
multimodal distributions, as evidenced by [Nob+25*]. In that work, the prescriptions of [ZC21]
and [VGD23] to use a Gaussian reference distribution are shown to recover the correct mode
weights of a bimodal target distribution only when the reference corresponds to the best Gaussian
approximation of the target, even when using the more favorable log-variance training objective.
This observation motivates an alternative strategy.

Acknowledging the need to adapt the reference distribution to the target in order to address
the challenges posed by multimodality, [Nob+25*] propose a pretraining strategy that learns
the reference distribution ρref itself. As in adaptive methods for NFs and in the iterated score
regression approach discussed earlier, this learning procedure leverages a small number of low-
quality samples from the target distribution π, which in particular provide information about the
location of the modes. These initial samples can be used either to fit a Gaussian mixture model
or to train a time-dependent energy-based model ρref,τ , for both of which the scores of the noised
marginals are tractable. The resulting learned reference distribution is then employed to define
the variational path measure Pθ and to train the control uθ, as described above. This approach is
shown to significantly improve the performance of the resulting sampler on multimodal targets.

∗

We have now reviewed the main approaches proposed to train NFs—both in their discrete and
continuous formulations—as well as diffusion models, in the sampling setting, where no training
data from the target distribution are available a priori.

For discrete-time NFs, the conceptual picture is essentially complete. As discussed in section 3,
once the model has been trained to approximate the target distribution, it can be embedded
within sampling schemes that enjoy rigorous convergence guarantees.

For continuous-time models—namely CNFs and diffusion models—more remains to be said. The
exact sampling strategies presented in section 3 rely critically on the ability to evaluate the model
likelihood, a property that is readily available for discrete-time NFs but generally challenging in
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continuous time. This fundamental obstacle prevents a direct transposition of those constructions.
We now turn to the first proposals in the literature that aim to overcome this difficulty and to
construct exact samplers leveraging the generative capabilities of continuous-time models.
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5 Verifiable sampling with continuous-time generative models

5.1 Reweighting for continuous normalizing flows and stochastic interpolants

As discussed previously, a key advantage of continuous-time generative models is that they
can be constructed to preserve the invariances of the target distribution (see the discussion in
section 2.1.2 around eq. (9)). This property is particularly important in physics applications,
where the distribution of interest is often invariant under groups of transformations such as
rotations, translations, or permutations. In addition, unlike diffusion-based models, the initial
distribution of CNFs can be chosen freely, which—as already noted for discrete-time NFs (see
paragraph Adapting the base distribution in section 3.3)—can significantly facilitate sampling.
This freedom in choosing the base distribution is also shared by stochastic interpolants (SIs)
(see section 2.3), which differ in their training objective while inducing essentially the same
generative dynamics as CNFs. Finding ways to leverage CNFs and SIs for sampling is therefore
a key question in the field.

Deterministic models A first, conceptually straightforward approach to using CNFs and SIs
for verifiable sampling consists in accepting the cost of (approximately) evaluating the likelihood
by integrating the instantaneous change-of-variables formula eq. (8). Denoting vθ the velocity
field of the CNF or SI, the logarithm of the importance weight of a sample XT , stemming from
the computation of its likelihood along the generating trajectory from a base sample X0, is

log w(XT ) = log π(XT )
ρ0(X0) +

∫ T

0
∇ · vθ(Xt, t) dt . (63)

This strategy was first explored by [KKN20], who used a CNF to sample interacting particle
systems with pairwise interactions. Their velocity field architecture relies on a decomposition
into radial basis functions of pairwise distances and is specifically designed to be equivariant and
so that the divergence of the vector field can be computed efficiently via automatic differentiation
(requiring a single backward pass rather than as many passes as the dimension of the field in a
naive implementation). Thereby, [KKN20] were able to successfully reweight CNF-generated
configurations to the target Boltzmann distribution for simple interacting particle systems. In
contrast, they showed that replacing the exact divergence with a Hutchinson estimator—commonly
used in the CNF literature to reduce computational cost—yields inaccurate importance weights
and significantly degrades sampling performance.

Building on the same architecture, [JBB24] considered more challenging systems, in particu-
lar amorphous particle systems at decreasing temperatures approaching the glass transition.
To address the increased complexity, they selected as base distribution a higher-temperature
Boltzmann distribution rather than the centered Gaussian used in [KKN20]. Their promising
results showed performance comparable to PT and SMC in the difficult regime near the glass
transition.

Turning to SIs, [Gre+25*] also investigated amorphous particle systems, examining in detail how
to make SIs invariant to the symmetries of multispecies systems in periodic boxes. Compared
to CNFs, SIs rely on a different training objective that is more computationally efficient as it
does not require likelihood evaluation. This removes the architectural constraints imposed in
[KKN20] to speed up divergence computation during training and allows for more expressive
equivariant velocity fields. However, the absence of the architectural constraints renders the
weight computation during reweighting more costly. Accepting this additional cost, [Gre+25*]
succesfully sampled amorphous particle systems with SIs. Moreover, the increased expressivity of
the velocity field allowed them to use a uniform distribution on a periodic box as a base measure.
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This avoids the need to generate base samples via MCMC when using a high-temperature
Boltzmann distribution as in [JBB24].

Reweighting and resampling for (stochastic) annealed flows The importance reweighting
strategy described above can be revisited in the context of annealed continuous flows, presented
in section 4.2, trained to follow a path (πt)t∈[0,1] between the base distribution ρ0 and the target
distribution π. This is the proposition of [TPL24; Var+24; AV25].

Adopting again the Boltzmann representation πt = e−Ut/Zt, recall that the generative dynamics
of such a (possibly stochastic) CNF with control-velocity field vθ are given by (see eq. (47))

dXt = vθ(Xt, t) dt− γt∇Ut(Xt) dt +
√

2γt dWt. (64)

The time-dependent diffusion coefficient γt vanishes for deterministic CNFs and is strictly positive
for stochastic ones. The importance weight associated with Xt from a trajectory (Xs)s∈[0,t] for
sampling from πt can then be expressed as

log wt

(
(Xs)s∈[0,t]

)
= −

∫ t

0

(
∂sUs(Xs) + vθ(Xs, s) · ∇Us(Xs) +∇ · vθ(Xs, s)

)
ds . (65)

This expression can be derived by manipulating the Fokker-Planck equation associated with the
controlled Langevin dynamics (see, e.g., the proof of Proposition 2.4 in Appendix A of [AV25]).
Importantly, the weight now depends explicitly on the entire trajectory, which is itself a random
realization of the stochastic dynamics, rather than solely on the terminal configuration. This
contrasts with direct reweighting for deterministic CNFs or SIs, where the trajectory is fully
determined by its endpoint once the velocity field is fixed. In the deterministic case γt = 0, the
expression above reduces to the previously obtained formula eq. (63), as the first two terms in
the integrand combine into the material derivative of the potential energy function along the
trajectory.

Conceptually, this annealed approach is closely related to the SMC-inspired (CR)AFT algorithm
previously discussed for discrete-time flows [AMD21; Mat+22]. Whereas (CR)AFT relies on a
finite composition of transport maps interleaved with MCMC steps, continuous-time annealed
flows incorporate both ingredients directly into their dynamics: a transport term, vθ(Xt, t) dt,
and a Langevin diffusion term, −γt∇Ut(Xt) dt +

√
2γt dWt. In direct analogy with (CR)AFT

and more generally with SMC, the importance weights can be used to perform resampling at
intermediate times along the trajectory. Resampling may be triggered when the ESS falls below
a prescribed threshold, thereby mitigating weight degeneracy and improving overall sampling
performance.

Nevertheless, the need to evaluate the divergence of the velocity field to compute the weight
remains in this annealed formulation. This is the key computational bottleneck for CNFs and
SIs. Restrictive architectures enable efficient divergence computation but may lack sufficient
flexibility for complex targets, while more expressive models incur a significant computational
cost during reweighting. Moreover, an uncontrolled source of bias in these sampling strategies
using continuous-time formulation is the eventual discretization of the time integrations. A couple
of recent works have proposed to circumvent both of these issues by reinterpreting the generative
process of diffusion models as a stochastic normalizing flow, which allows for a principled
construction of exact samplers without any likelihood evaluation, even at the reweighting stage.
We present these approaches next.
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5.2 Diffusion samplers as stochastic flows

To avoid computing likelihoods or importance weights involving the divergence of the velocity
field, one possible route to debias diffusion samples is to reinterpret the generative process as a
discrete-time stochastic normalizing flow (see paragraph Combining NF with AIS: stochastic
normalizing flows in section 3.3). This perspective underlies the approaches of [Phi+24] and
[ZMH25], which differ slightly in their construction of the stochastic flow.

We present here the main idea, focusing on the backward SDE of the OU process. Using the
approximate score function sθ learned by the diffusion model, the backward dynamics reads

dXt = (Xt + 2sθ(Xt, T − t)) dt +
√

2 dWt . (66)

Discretizing the time interval [0, T ] with a grid 0 = t0 < t1 < · · · < tK = T , the joint distribution
of the states (xk)K

k=0 visited by the Markovian backward process factorizes as

ρθ(x0, . . . , xK) = ρ0(x0)
K∏

k=1
qθ,k(xk | xk−1). (67)

Although the transition kernel qθ,k is non-trivial due to the non-linear score function, it can
be approximated by a Gaussian distribution obtained from a discretization of the backward
SDE. Going beyond the naive Euler-Maruyama scheme, [Phi+24] propose using an exponential
integrator yielding the Gaussian transition kernel

qθ,k(xk | xk−1) = N
(
xk; e−∆tkxk−1 + µk, (1− e−2∆tk)Id

)
, (68)

with ∆tk = tk− tk−1 and µk = 2(1−e−∆tk)
(
xk−1 +sθ(xk−1, tk−1)

)
.7 This construction completes

the definition of the stochastic flow defined in eq. (67).

To debias the samples generated by this stochastic flow, one considers the forward OU process
started from the target distribution π, discretized on the same time grid. This forward process is
exactly tractable and defines the joint distribution

π(x0, . . . , xK) = π(xK)
K∏

k=1
pk(xk−1 | xk), (69)

where

pk(xk−1 | xk) = N
(
xk−1; e−∆tkxk , (1− e−2∆tk)Id

)
. (70)

Importance weights are then computed as the ratio between these two joint path distributions

w(x0, . . . , xK) = π(x0, . . . , xK)
ρθ(x0, . . . , xK) . (71)

Crucially, this ratio only involves Gaussian transition kernels and the target density π(xK).
Therefore, it avoids any explicit likelihood computation or evaluation of divergence terms. In
the overwhelmingly common case where π is only known up to a normalizing constant, the
self-normalized weights and estimators are used in practice (see e.g. algorithm 1.)

Following this paradigm, [Phi+24] further develop a SMC version of the stochastic flow, incorpo-
rating intermediate resampling steps along the trajectory. For this, they not only learn the score

7This expression follows from rewriting the backward SDE as dXt = −Xt, dt+2(Xt +sθ(Xt, T − t)), dt+
√

2, dWt,
applying an exponential integrator to the linear term −Xt, and treating Xt + sθ(Xt, T − t) as frozen over the
time step. This decomposition is consistent with the parametrization adopted in [Phi+24], where the network
directly models x + sθ(x, t).
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of the noising process but also the time marginal densities πt along the trajectory, which allows
them to compute the importance weights before the end of the trajectory and thus to perform
resampling at intermediate times. As usual, resampling is triggered whenever the effective sample
size (ESS) of the importance weights falls below a prescribed threshold.

In contrast, [Zha+25] sticks to the vanilla AIS version of the reweighting in the joint space
and considers a variance-exploding diffusion (i.e., a Wiener process) instead of the OU process.
This modeling choice leads to a different approximation of the denoising transition kernels.
Importantly, they propose to learn the variance of these kernels so as to directly minimize the
variance of the resulting importance weights, yielding substantial improvements in practice.

Overall, interpreting diffusion models through the lens of stochastic flows provides a principled
framework for exact sampling without requiring costly divergence computations. However, in
order to maintain importance weights with controlled variance, the joint laws over the discretized
forward and backward processes must be sufficiently close. For this, the time discretization
typically needs to become finer as the dimensionality of the problem increases. This refinement
can significantly raise the computational cost, potentially limiting scalability in high-dimensional
settings.

∗

This concludes our review of emerging methods for verifiable sampling with continuous-time
generative models. We have seen that while direct reweighting of CNF and SI samples is
conceptually straightforward, it faces a fundamental computational bottleneck due to the need to
evaluate the divergence of the velocity field. This bottleneck can be circumvented by reinterpreting
continuous-time models as stochastic flows, as was proposed for diffusion models. However,
this approach introduces its own challenges, particularly in terms of controlling the variance of
importance weights in high-dimensional settings.
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6 Examples of applications

After this effort to rationalize the emerging—yet already dense—literature on sampling assisted
by transport-based generative models, I showcase in this section several applications of these
methods that I have been involved in. These examples provide a glimpse into their practical
implementation, highlighting the problem-specific design choices that must be made and the
types of results that can be obtained.

6.1 Training energy-based models

6.1.1 Definition and challenges

We first turn to an application in generative modelling, namely the training of energy-based
models (EBMs). EBMs are a class of generative models that define a probability distribution
through an unnormalized density,

pϕ(x) = e−Eϕ(x)

Zϕ
, (72)

where Eϕ is a learnable energy function and Zϕ the associated normalization constant. The appeal
of EBMs lies in their flexibility: by parameterizing the energy function with neural networks,
they can model complex distributions thanks to the universal approximation capabilities of these
architectures. Allowing the energy to take infinite values, any distribution can be represented as
an EBM, including dsitributions with disconnected support, which are difficult to capture with
latent generative models such as VAEs and NFs.

However, EBMs are difficult to sample from and therefore challenging to train. Given a training
data distribution pdata, the log-likelihood ℓEBM(ϕ) = Epdata [log pϕ(x)] has gradient

∇ϕℓEBM(ϕ) = Epdata [−∇ϕEϕ(x)] + Epϕ
[∇ϕEϕ(x)]. (73)

The first term can be computed directly from the training data, whereas the second term is an
expectation under the model distribution pϕ. Since this distribution does not admit a direct
sampling procedure, the expectation must be estimated using MCMC methods. This constitutes
a major bottleneck in the training of EBMs, as the MCMC chain must in principle be run to
convergence at each training step, which is computationally expensive and can lead to biased
gradients if not done properly.

Despite this challenge, simple heuristics have been shown to work well in practice, and in
particular made restricted Boltzmann machines among the first generative models successfully
applied to real-world problems in the early 2000s. These heuristics rely on short MCMC chains
initialized either from the data distribution (contrastive divergence [Hin02]) or from a replay
buffer of past samples (persistent contrastive divergence [Tie08]). This idea was revisited in the
early 2020s using modern neural network architectures, highlighting that an important ingredient
is to use matching, if approximate, sampling procedures during training and evaluation in order
to obtain good sample quality [Nij+19; Nij+20; SK21; Ago+25].

Yet, this does not guarantee that the resulting model is a good EBM, in the sense that it can
be sampled with a convergent MCMC and reproduce the statistics of the data distribution.
In particular, if this is not the case, the learned energy function cannot be interpreted in a
straightforward manner. This issue is especially problematic when dealing with multimodal
distributions, where the MCMC is likely to get stuck in a single mode and fail to explore the
others, leading to biased gradients and poor sample quality.

This difficulty motivated the development of training methods relying on more sophisticated
samplers inspired by the statistical mechanics literature [Bér+23; Ber+24]. Another line of
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work attempted to combine latent generative models with EBMs in order to leverage their
complementary strengths. [Xie+18; XZL21] suggested using a Variational Autoencoder (VAE),
and [Xie+22] a NF (CoopFlow algorithm), to provide initial sampling points before running
short MCMC chains during maximum likelihood training, reporting good sample quality but no
guarantee of statistical accuracy.

Closer to our concern of relying on a converged sampler, the NT-EBM algorithm [XYA20;
Nij+22] leverages a NF-assisted sampler belonging to the family of NeutraMCMCs (algorithm 4),
which however struggles to mix between modes in multimodal distributions (see discussion in
section 3.2). [Xia+21] explored a similar idea using VAEs. Finally, [AZG21] combined an EBM
with a Generative Adversarial Network using a Langevin sampler in latent space, although
statistical performance on multimodal datasets was not reported.

Below, we discuss our proposal to leverage the fast mixing properties of NFs to train EBMs with
a converged sampler [GMG23*].

6.1.2 Proposed method: flowMC-EBM

We propose to train a NF and an EBM cooperatively. The NF provides a fast-mixing sampler
that is used to train the EBM by maximum likelihood on the training data, while the NF itself
is trained by maximum likelihood on samples from the EBM so as to maintain a good overlap
between its pushforward distribution and the EBM distribution.

The flow probability density ρθ, as defined above in this manuscript, is the pushforward of the
base distribution ρ0 by the flow map Tθ. To ensure good initial agreement between the flow
and the EBM, Tθ is initialized to the identity map and the definition of the EBM is modified as
follows:

pϕ(x) = 1
Zϕ

e−Eϕ(x)ρ0(x), (74)

with Eϕ ≈ 0 at initialization. Note that this modification does not change the formal expression
of the gradient of the EBM log-likelihood (73). The resulting joint training algorithm is:

algorithm 16: flowMC-EBM training

Input: training data {x(i)}Ni=1, number of training steps K, learning rates ηEBM and ηNF,
batch size B.
Initialize Tθ(·) = Id(·)
Initialize Eϕ(·) ≈ 0.
Initialize B Markov chains{x̃(i)}Bi=1 with samples from ρθ.
for k = 1 . . . K do

Sample a batch of data {x(i)}Bi=1 from the training set.
Update x̃(i) with flow-IMH (algorithm 2) using ρθ as proposal and pϕ as target.
Estimate EBM gradient: ̂∇ϕℓEBM(ϕ) = 1

B

∑B
i=1

[
−∇ϕEϕ(x(i)) +∇ϕEϕ(x̃(i))

]
Update EBM parameters: ϕ← ϕ + ηEBM ̂∇ϕℓEBM(ϕ).
Update NF parameters: θ ← θ + ηNF∇θ

(
1
B

∑B
i=1 log ρθ(x̃(i))

)
return EBM parameters ϕ and NF parameters θ.

Here, the NF-assisted sampler targets the evolving EBM distribution. The NF is therefore trained
on the fly to maintain good overlap with this target. In practice, the matching initialization of
the EBM and the NF is indispensable for success, and the learning rates ηEBM and ηNF must be
co-adjusted so that this matching is approximately maintained throughout training. Provided
this condition holds, the fast-mixing NF-assisted sampler yields converged samples from the EBM
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Figure 6: (Left) Comparison of ULA persistent contrastive divergence and flowMC-
EBM training on a toy 2D mixture with a 2:1 weight ratio. The EBM learned
with flowMC (f) correctly captures the relative weights, unlike the EBM trained with
ULA (b), as also shown by the conditional densities along the axis passing through the
centroids (d,h). This statistical accuracy is promoted by the fast-mixing NF-assisted
sampler (g). (Right) Estimated weight of the top-right mode during the
training of ULA-EBM and flowMC-EBM. The weight is computed by summing
the probability mass in the top-right and bottom-left corners of the target distribution.
The improved accuracy comes at the cost of training a NF additionally to the EBM for
flowMC-EBM compared to ULA-EBM. Adapted from [GMG23*].

in only a few MCMC steps at each training iteration, which promotes the statistical accuracy of
the resulting EBM.

6.1.3 Preliminary results

To illustrate the potential of this approach and the importance of using a converged sampler,
we consider a dataset drawn from a Gaussian mixture distribution in R2 with two modes of
weight ratio 2:1. We train an EBM on this dataset using the flowMC-EBM algorithm described
above and compare it with a more standard training procedure based on persistent contrastive
divergence with the Unadjusted Langevin Algorithm (ULA) as the MCMC sampler, which is
known to struggle to mix between modes in multimodal distributions. Results are shown in
fig. 6.

As ULA gets trapped in the modes ((c) versus (g)), the gradient estimates become biased. As
a result, the EBM trained with ULA oscillates between over- and under-estimating the mode
weights multiple times during training (fig. 6, Right), and the final value of the mode weight is
essentially random across different runs.

In contrast, during flowMC-EBM training, the use of converged MCMC samples from the EBM
((f) and (h)) leads to a stable estimation of the mode weights. Note that the companion flow,
which is more constrained in its parametrization, does not achieve a fit as accurate as the EBM.
Nevertheless, its match with the EBM remains sufficient to enable the fast-mixing MCMC that
is key to the success of the method.

∗

Additional experiments and comparisons with other methods are provided in [GMG23*], confirm-
ing the importance of using a converged sampler to train well-calibrated EBMs. This approach
nevertheless has two main limitations. First, it requires training two models instead of one,
increasing the computational cost and requiring careful tuning of the learning rates to maintain
a good match between them during training. Second, while the algorithm performs well in
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moderately high dimensions, it is expected to struggle in very high dimensions, as the NF-assisted
flow-IMH sampler is unlikely to scale well with dimension.

The method is therefore particularly promising for problems of moderate dimension where the
functional form of the energy is interpretable and where statistical accuracy of the EBM is
essential for extracting meaningful information from the learned energy function.

6.2 Sampling isomers of metallic nanoclusters

6.2.1 Motivation and test system

Next, we turn to an application in computational chemistry. Metallic nanoclusters have a wide
range of promising applications, including catalysis, sensing, and drug delivery. They are small
aggregates of atoms that can adopt different structural arrangements, called isomers, which can
exhibit very different properties. Understanding the thermodynamic properties of these isomers
can therefore aid in the design of nanoclusters with desired functionalities.

While, in principle, the equilibrium distribution of isomers can be obtained by running long
molecular dynamics (MD) simulations, the computational cost of such simulations is often
prohibitive for two reasons. First, the potential energy surface of systems composed of heavy atoms
is complex and must be evaluated with high accuracy, which can only be achieved with expensive
quantum chemistry methods, also referred to as ab initio calculations. Second, metastable isomers
are typically separated by high energy barriers that trap local MD simulations.

In [Mol+24*], we propose leveraging NF-assisted MCMC samplers to efficiently explore the state
space of metallic nanoclusters and obtain accurate estimates of the equilibrium distribution. We
focus on the case of sampling clusters of six silver atoms. This system has been reported to
exhibit two coexisting isomers at room temperature—a planar one and a pyramidal one—whose
relative occurrence we characterize precisely.

Two main adjustments were necessary to apply the adaptive joint sampling and training scheme
A-flowMC (algorithm 10) in this setting.

6.2.2 Adjustments to A-flowMC

A mixture of flows The first adjustment was to employ two separate NFs, one for each isomer,
and to use a mixture of these two flows as the proposal distribution in the MCMC sampler. This
practical choice stemmed from two observations.

First, the two isomers are well separated in state space. While NFs are capable of learning
multimodal distributions, doing so is typically more difficult—and requires larger batches and
more training iterations—than learning two unimodal distributions separately. Given the high
cost of the adaptive training procedure, which requires querying a quantum force field, we opted
for the latter approach. A flow was learned adaptively for each isomer, yielding two unimodal
proposal distributions, ρθ0 and ρθ1 . The resulting proposal distribution is then a mixture of these
two flows, ρθ = wρθ0 + (1− w)ρθ1 , where w controls the relative weight of each flow.

Second, the use of a mixture of flows allows one to maintain good sampling efficiency even when
one of the isomers is much less populated than the other. In this setting, a single flow would
struggle to learn the less populated mode, leading to poor sampling efficiency and inaccurate
estimates of its population. In contrast, by using a mixture of flows and enforcing a minimum
probability for each mode, both modes remain well represented in the proposal distribution,
resulting in efficient sampling and accurate estimates of their populations. This strategy has also
been mentioned for applications in other physical contexts by [GRV22*; Hac+21].
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Figure 7: Ab initio flowMC workflow. Starting from short MD trajectories, a cycle of three steps
is repeated. Step 1, the normalizing flow (NF) and the machine learning potential
(MLP) are trained. Step 2, leveraging the NF and MLP models, MCMC chains are
generated by restarting them from the last state of the previous cycle. Step 3, the
training datasets of the ML models are augmented with the newly created MCMC
samples and with the position-energy pairs for which DFT was evaluated. The function
ΓMH implements the Metropolis-Hastings update rule. The stopping criteria evaluates
the convergernce of the Markov Chain using the scale reduction factor R̂ [Veh+21].
Reproduced from [Mol+24*].

Simultaneously training a machine learning potential (MLP) Following current trends in
computational chemistry, the second adjustment consisted of simultaneously training a machine
learning potential (MLP) to approximate the quantum force field. This MLP is regressed on the
fly during the adaptive training and sampling procedure for each isomer. The samples generated
by the MCMC sampler are used to augment the MLP training dataset. At each iteration, a
coin is flipped to decide whether the quantum force field or the MLP is evaluated on the newly
generated samples. The probability of evaluating the quantum force field decreases with the
number of iterations, so that the MLP is used increasingly often as training progresses. This
strategy reduces the number of expensive quantum force field evaluations while maintaining good
sampling efficiency. The resulting workflow, named ab initio flowMC, is illustrated in fig. 7.

6.2.3 Summary of results

We first verify that the single-isomer adaptive training scheme is able to learn a good proposal
distribution for each isomer and that the generated MCMC samples are in good agreement with
the reference distribution obtained from long MD simulations (results not shown here, both
with and without the MLP, see [Mol+24*]). In all cases, the NF proposals are accepted with a
probability above 40% at the end of the adaptive training, and the resulting MCMC samples
agree well with the reference distribution. This confirms that the NF-assisted sampler efficiently
explores the state space of each isomer and generates accurate samples from their respective
distributions.
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Figure 8: MCMC across isomers with the mixture model built using the NFs and MLPs from
ab-flowMC. A) Mixture proposal (black dash-lines), and MCMC samples with MLP
(top, red) and w.o. MLP using 100% DFT energy evaluations (bottom, blue). B)
Potential energy distributions of the samples from the two settings. C) MCMC isomer
state visited at each step. Visits to the bipyramidal isomer 1 are marked with a black
dot, and to isomer 0 are left in white. Chains are sorted by total number of visits to
isomer 1, which is reported in the histogram on the right. D) Scale reduction factor R̂
as a function of wall clock time. E) Average population of isomer 1 as a function of the
number of DFT evaluations used during flow training and the ab-flowM simulation
using flows from different cycles of ab-flowMC. Box plot displays the variability across
batches of 20 chains using the last 2750 steps. Reproduced from [Mol+24*].

We next turn to the joint sampling of the two isomers using the mixture of flows (see fig. 8). The
resulting MCMC sampler efficiently mixes between the two isomers (panels A and C). Consistent
estimates of the relative populations of the two isomers are obtained both with and without
the MLP (panel E), and are further confirmed through BAR computations of the free energy
difference between the two isomers (not shown here, see [Mol+24*] and the paragraph Free
energy computations in section 3.1.1). We also verify that the MCMC chains are well converged,
as assessed by the scale reduction factor R̂ [Veh+21], which stabilizes around 1.02. Moreover,
this convergence is achieved significantly faster in wall-clock time when using the MLP than
without it (panel D).

∗

This collaboration produced a first example of the use of NF-assisted samplers to obtain accurate
estimates of the equilibrium distribution of a real molecular system. It required not only the
methodological adjustments discussed above, but also engineering efforts to interface PyTorch
with molecular simulation software. While the system considered remains modest in size, this
work provides a valuable proof of concept.
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Figure 9: A) Representative configurations of the polymer surrounded by its Lennard-Jones
solvent in its open and closed states. B) Free energy profile along the end-to-end
distance between the first and the last bead of the polymer. The reference value (in
blue) is obtained from long MD simulations. The value obtained with the CV-FlowMC
sampler (in orange) is in good agreement with it, even if the marginal distribution of
the CVs is not perfectly captured by the NF proposal (in green), especially around the
barrier between the two states. Adapted from [TLG24*; Sch+25b*]

6.3 Toward sampling conformational ensembles of solvated biomolecules

Biomolecules are long polymers that can adopt a wide variety of conformations whose stability is
strongly influenced by the surrounding solvent. Because their function is closely tied to their
structure, characterizing the conformational ensemble of a biomolecule is a central problem in
structural biology. As in many other molecular systems, transitions between distinct confor-
mations are typically rare events that are difficult to observe using straightforward molecular
dynamics (MD) simulations based on local updates. For this reason, a vast literature has been
devoted to enhanced sampling strategies for biomolecular systems, including tempering methods,
collective-variable-based techniques, and path sampling approaches. Here, we take a first step
toward applying NF-assisted samplers to this class of problems.

As discussed in section 3.2, a key limitation of early NF-assisted samplers is their difficulty
in scaling to high-dimensional systems. Consequently, directly applying these methods to a
fully atomistic biomolecular system—including the surrounding solvent, which often involves
thousands of atoms—remains unrealistic in the near term. Instead, we leverage a coarse-grained
representation of the system and employ the CV-FlowMC algorithm introduced in section 3.4
(algorithm 9). In essence, the approach consists in training a NF to sample a set of coarse-grained
variables, commonly referred to as collective variables (CVs), and using this learned model as
a proposal distribution within an MCMC sampler targeting the full system. The remaining
degrees of freedom are then sampled through a non-equilibrium dynamics that steers the system
toward the NF-proposed update in CV space. We refer the reader to the previous section 3.4 for
a detailed description of the sampling method, and focus here on the design choices specific to
this application as well as on the preliminary results obtained.

6.3.1 Test system and CVs

We study a simplified molecular model consisting of a nine-bead polymer placed in a three-
dimensional box together with 200 solvent particles. All particles, including both the polymer
beads and the solvent molecules, interact through a Lennard-Jones (LJ) potential. Within the
polymer chain, the distances between nearest and second-nearest neighboring beads—thereby
indirectly constraining the bond angles—are weakly enforced through harmonic potentials.
Additionally, the end-to-end distance of the polymer is subject to a bimodal potential, which
induces two metastable conformations corresponding to an open and a closed configuration (see
panel A of fig. 9).
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Figure 10: Schematic illustration of the algorithm. At each iteration, the system is first updated
through local moves using a local sampler (MALA here). A non-local steered update
is then proposed: the NF suggests new values for the polymer internal distances, the
polymer is stretched or compressed via steered MD, and the solvent relaxes accordingly.
The resulting configuration is accepted or rejected based on the work performed during
steering and the ratio of NF proposal probabilities. After these updates, the NF is
further trained using the generated samples. Reproduced from [TLG24*].

Let {qi}i=1,...,9 denote the coordinates of the polymer beads and {qi}i=10,...,N those of the solvent
particles. The total potential energy of the system can then be written as

V (q) =
8∑

i=1
V1(|qi − qi+1|) +

7∑
i=1

V2(|qi − qi+2|) +
∑

1≤i≤6
i+3≤j≤9

VLJ(|qi − qj |) + Ve(|q1 − q9|)

+
∑

1≤i≤9
10≤j≤N

VLJ(|qi − qj |) +
∑

10≤i<j≤N

VLJ(|qi − qj |), (75)

where VLJ denotes the Lennard-Jones interaction, Vκ(r) = kκ
2 (r − dκ)2 (κ ∈ 1, 2) are harmonic

potentials enforcing the polymer geometry, and the end-to-end interaction is described by the
double-well potential Ve(r) = ke

4 ( r−de
a )4 − ke( r−de

a )2 which has two local minima located at
r = de ± a

√
2. Complete details on the system and the potential parameters can be found in

[Sch+25b*].

In [TLG24*], hard constraints were imposed on the nearest and second-nearest neighbor distances
within the polymer. Under these constraints, the configuration of the polymer is almost entirely
determined by the six internal distances between fourth-neighboring beads, which were therefore
used as collective variables (CVs) (the blue distances ℓk in the top-left panel of fig. 10).

In contrast, [Sch+25b*] retains the soft constraints on the internal polymer distances described
above. In that work, experiments are performed using two different choices of CVs: the one-
dimensional end-to-end distance of the polymer and the 27-dimensional vector formed by the full
Cartesian coordinates of the polymer beads.

6.3.2 Design choices for the training and sampling pipeline

Non-equilibrium dynamics As mentioned previously, the proposal kernel in the CV space is
chosen to be a NF. For simplicity, the CV schedule is fixed to a linear interpolation between the
current CV value and the value proposed by the NF. The remaining design choice concerns how
to sample the other degrees of freedom of the system.
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The non-equilibrium CV-driven dynamics described in algorithm 8 can accommodate different
Markov kernels for this purpose. In [TLG24*], overdamped Langevin dynamics with a Metropolis-
Hastings correction (MALA) is used. In [Sch+25b*], both overdamped and underdamped
Langevin dynamics are considered. In the latter case, an auxiliary momentum variable is
introduced and resampled at each steered update.

In all cases, the hyperparameters of the non-equilibrium dynamics are tuned to maximize the
acceptance probability (see eq. (35) in the detailed description of the algorithm in section 3.4) or,
in this bimodal example, to minimize the average cost of accepting barrier-crossing proposals.
In particular, the integration time step is chosen as large as possible while maintaining the
numerical stability of the integrator. The number of integration steps—corresponding to the
number of intermediate configurations along the CV schedule—is taken to be proportional to the
distance between the current and proposed CV values, with the proportionality speed parameter
optimized accordingly. Finally, the friction coefficient and, in the underdamped Langevin setting,
the mass associated with the auxiliary momentum variable are also tuned.

Adaptive training The NF is trained using the adaptive procedure described in algorithm 10.
The process begins with a pretraining stage on a dataset of configurations generated from short
MD simulations that have not yet reached convergence, in particular with respect to the relative
populations of the two metastable states. During sampling, the large steered updates proposed
by the NF are interleaved with local updates performed using the MALA sampler. The resulting
algorithm is illustrated in fig. 10. It consists of an outer loop corresponding to the adaptive
training procedure and an inner loop implementing the non-equilibrium dynamics associated
with each steered update.

6.3.3 Summary of results

Impact of the energy barrier We first focus on the results reported in [TLG24*], obtained using
the 6-dimensional CV representation together with hard constraints on the polymer internal
distances. In fig. 9 (panel B), we compare the free-energy profile along the end-to-end distance
obtained with the CV-FlowMC sampler to a reference profile computed from long MD simulations,
for two different values of the energy barrier imposed by the double-well potential Ve.

In both cases, the CV-FlowMC sampler successfully captures the relative weights of the two
metastable states, even though the NF proposal does not perfectly match the target distribution
of CVs, particularly in the barrier region separating the two states. This discrepancy is especially
pronounced for the higher barrier, where the NF significantly underestimates the barrier height.
Nevertheless, the resulting MCMC sampler remains able to efficiently explore the state space
within the two relevant basins. This observation highlights that a perfect match between the NF
proposal and the target distribution is not required to obtain accurate estimates of thermodynamic
properties, provided that the generative model adequately represents the thermodynamically
dominant regions of the state space.

At leading order, the NF effectively learns an approximation of the free-energy landscape along
the six CVs (see [TLG24*] for projections not shown here). This result underscores the potential
of NFs to learn coarse-grained representations of complex systems, in regimes where traditional
CV-based methods struggle due to the difficulty of faithfully representing the free-energy surface
with non-parametric models in such dimensions.

Finally, it is worth noting that the sampling efficiency of the CV-FlowMC sampler is not
significantly affected by the height of the energy barrier acting purely on the CVs. In particular,
the acceptance rate of the steered updates remains similar in the two cases, averaging around
20%, with a comparable number of steps in the non-equilibrium dynamics (∼ 35,000). This
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behavior contrasts sharply with CV-guided methods based on biased local dynamics, where
the algorithm must explicitly visit thermodynamically subleading barrier regions in order to
accurately estimate thermodynamic properties. When the barrier is high, this requirement
can lead to very long convergence times. The present results therefore illustrate the ability of
CV-FlowMC to efficiently sample systems with large energy barriers in CV space by relying
on non-local updates that effectively jump across these barriers, without requiring extensive
sampling of the barrier region itself.

Optimization of non-equilibrium dynamics In [Sch+25b*], returning to the case of a 7kBT
barrier in Ve, we further compare the performance of the CV-FlowMC sampler for different choices
of non-equilibrium dynamics, in particular with and without auxiliary momentum variables.
We consistently observe that using underdamped Langevin dynamics in the deterministic limit
(i.e., without friction) leads to a significantly lower average cost for accepting barrier-crossing
proposals than both overdamped Langevin dynamics and underdamped Langevin dynamics with
friction.

When using the one-dimensional end-to-end distance as the CV, the gain between overdamped
dynamics and frictionless momentum-augmented deterministic dynamics exceeds two orders of
magnitude. For the 27-dimensional CV, the gain could not be precisely quantified because no
barrier-crossing proposal was accepted when using overdamped Langevin dynamics. Strikingly,
in the deterministic limit the steered updates are accepted about 99% of the time. Although the
origin of this advantage remains unclear, the same behavior was consistently observed in other
simple physical systems studied in [Sch+25b*], suggesting an interesting direction for future
investigation.

CV choice Finally, these experiments on the solvated polymer also highlight the importance
of the choice of collective variables. In practice, the one-dimensional end-to-end distance CV
did not require training a NF; instead, a Gaussian mixture model was fitted to construct the
proposal distribution. While this provides a cheaper proposal mechanism, the observed average
cost of mode switching was about one order of magnitude higher when using the 27-dimensional
CV, for which a NF was required to learn an accurate proposal.

These results suggest an advantage in using higher-dimensional CV representations and therefore
confirm the relevance of introducing NFs in CV-guided sampling. Confirming this observation in
more complex biomolecular systems will be the focus of future work.

∗

While this polymer system remains relatively simple, it illustrates how the NF-assisted sampling
framework must be adapted and refined when applied to more complex systems. Many questions
remain open regarding the application of these methods to realistic biomolecular systems,
including the choice of collective variables, the design of the non-equilibrium dynamics, and
the construction of the CV schedule. If even simple, programmatic design choices already lead
to significant improvements in sampling efficiency, further gains may be expected from more
sophisticated strategies. This therefore represents a promising direction for future research.
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7 Perspectives

Where do we stand? Generative-model–assisted samplers have not yet led to scientific dis-
coveries that would have been unattainable with existing methodologies. Nevertheless, they
introduce a fundamentally different mechanism from traditional enhanced sampling techniques
and therefore offer a complementary perspective that deserves careful exploration. In particular,
these methods often propose configurations that effectively jump across low-probability regions
rather than traversing them through a sequence of intermediate states. This qualitative difference
in how state space is explored may open new opportunities for tackling sampling problems
characterized by pronounced metastability.

As discussed throughout this manuscript, the field is evolving rapidly, with many recent pro-
posals extending the earliest ideas. A particularly promising direction consists in combining
generative models with established sampling strategies, such as tempering approaches or collective-
variable–guided sampling methods. In addition, the noising–denoising paradigm introduced by
diffusion models provides a novel way of constructing annealing paths that may circumvent the
phase transitions that often hinder traditional tempering strategies. More broadly, the rapid
progress in the design and training of generative models naturally fuels optimism about their
future impact on scientific sampling problems.

A central question, however, is whether the computational cost associated with training a
generative model is ultimately offset by the gains in sampling efficiency. The answer is necessarily
problem-dependent and remains difficult to assess in general. Importantly, such an evaluation
should also account for the design cost of a sampling strategy. While deep generative models
involve numerous hyperparameters and architectural choices, designing an efficient traditional
sampler is also often highly problem-specific and may require substantial expert knowledge. One
may therefore hope that machine-learning–based samplers could eventually offer more automated
and less system-dependent solutions. Whether this promise will materialize remains an open
question and is closely related to the issue of transferability discussed below.

Finally, an important challenge lies in transferring the many methodological advances proposed in
recent years—often developed and evaluated on toy benchmarks—to realistic scientific applications.
Achieving this goal requires sustained efforts and close collaborations between machine-learning
researchers and domain scientists. The applications reviewed in section 6 represent only initial
steps in this direction, and considerable work remains to demonstrate the practical impact of
these methods on challenging sampling problems arising in the physical sciences.

What we did not cover Several important directions have not been covered in detail in this
manuscript. Let us briefly discuss some of them here.

We have focused primarily on sampling problems defined on continuous state spaces. A substantial
body of work, however, addresses discrete systems using autoregressive models. While we briefly
mentioned some ideas originating from this literature, a comprehensive discussion was beyond
the scope of this manuscript. Historically, several pioneering works on generative-model–based
sampling were in fact developed for discrete statistical physics problems [LW18; WWZ19;
McN+20]. More recent studies have demonstrated promising advantages of autoregressive models
for sampling and optimization in discrete systems [BRZ25].

The ability of generative models to characterize equilibrium states without explicitly resolving
the transition regions between them is often presented as a strength. However, many scientific
questions concern dynamical properties rather than equilibrium statistics alone. Several recent
works have begun to address this challenge, particularly in the context of molecular simulations.
Proposed approaches include learning transition-path ensembles with normalizing flows [Asg+24],
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learning transition-state distributions to initialize transition path sampling [Fal+23], and learning
effective transition operators to accelerate molecular dynamics simulations [Kle+23; SWO23;
DSO25].

Finally, returning to the question of amortizing training costs, an important objective is to design
models that do not need to be retrained for every new target distribution. Instead, one would
ideally train a generative model once and then reuse it across a family of related systems. This
idea, often referred to as transferability, has recently begun to receive attention, particularly
in molecular modeling applications [Kle+23; KN24; DSO25; Lew+25]. Developing transferable
generative samplers capable of generalizing across related systems remains a key open challenge
for the field.
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ABSTRACT 

Sampling high-dimensional probability distributions is a central task in scientific computing, 
with applications ranging from Bayesian inference to statistical physics and molecular 
simulation. Despite decades of methodological developments, two major challenges 
remain: scaling to high dimensions and efficiently exploring multimodal distributions 
characterized by metastable states. Classical approaches such as Markov chain Monte 
Carlo, tempering methods, or enhanced sampling based on collective variables have 
achieved major successes, but they also face intrinsic limitations in complex energy 
landscapes. This manuscript explores a new paradigm that has recently emerged at the 
interface of machine learning and computational statistical physics: the use of generative 
models as tools for sampling. In this context, models such as normalizing flows and 
diffusion models are not used in their traditional data-driven setting, but rather as flexible 
probabilistic transports that can assist the sampling of distributions known only up to a 
normalization constant. The manuscript reviews the early development of this rapidly 
evolving field and discusses several methodological directions, including exact samplers 
based on generative models and strategies to train such models in the absence of data. It 
also presents several application-driven studies conducted with collaborators, illustrating 
both the promise of these methods and the many open challenges that remain. 

 
 

RÉSUMÉ 

L’échantillonnage de distributions de probabilité en grande dimension constitue une tâche 
centrale en calcul scientifique, avec des applications allant de l’inférence bayésienne à la 
physique statistique et à la simulation moléculaire. Malgré plusieurs décennies de 
développements méthodologiques, deux difficultés majeures persistent : le passage à 
l’échelle pour les problèmes en grande dimension et l’exploration efficace de distributions 
multimodales. Les approches classiques, telles que les méthodes de Monte Carlo par 
chaînes de Markov, les techniques de tempérage ou encore les méthodes 
d’échantillonnage amélioré fondées sur des variables collectives, ont connu des succès 
importants, mais elles rencontrent aussi des limitations intrinsèques. Ce manuscrit explore 
un nouveau paradigme récemment apparu à l’interface entre apprentissage automatique 
et physique statistique computationnelle : l’utilisation de modèles génératifs comme outils 
d’échantillonnage. Dans ce contexte, des modèles tels que les normalizing flows et les 
modèles de diffusion ne sont plus utilisés dans leur cadre traditionnel, entrainés sur de 
grands ensembles de données, mais comme des transports probabilistes flexibles 
permettant d’assister l’échantillonnage de distributions connues à une constante de 
normalisation près. Le manuscrit passe en revue les premiers développements de ce 
domaine en rapide évolution et présente plusieurs directions méthodologiques, notamment 
des algorithmes d’échantillonnage exact reposant sur des modèles génératifs et des 
stratégies pour entraîner ces modèles en l’absence de données. Il présente également 
plusieurs études applicatives menées avec des collaborateurs, illustrant à la fois le 
potentiel de ces méthodes et les nombreux défis qui demeurent. 
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