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<latexit sha1_base64="Fb9R6mcUvIPXgm3RJu8+mGiX9JQ="></latexit>

ωω(·)

Two related tasks we will be interested in this course 1

Generative modelling Sampling

<latexit sha1_base64="g9PDDLIMpMigGk50MdrrYT78n3A="></latexit>

x (1), x (2), . . . , x (k) → ω→(x)

training dataset
unknown

<latexit sha1_base64="z8MtnxpK/vF7BwuKpE+om0mUJlI="></latexit>

xnew → ωω(·)

train

sample

<latexit sha1_base64="o7rS7kpP5sz82e3hZ362iJeuov0="></latexit>

ω→(x)target probability density

known up to a 
normalization constant

sample

<latexit sha1_base64="g9PDDLIMpMigGk50MdrrYT78n3A="></latexit>

x (1), x (2), . . . , x (k) → ω→(x)

a priori unrelated to learning ...



Historical development of generative models 2

slide credit Michael Albergo

deep latent generative model

based on transport of measure



Deep latent generative models 3

▷Use transformation (deep neural network) from simple base distribution :
<latexit sha1_base64="ph08DsLmILhT9li8l9gX39YfvuU=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJEXRbcuKzQF7ShTKaTZujMJMzcCCV079qtfoM7cetv+An+hdM2C9t64MLhnHu5954wFdyA5307G5tb2zu7pT13/+Dw6Lh8cto2SaYpa9FEJLobEsMEV6wFHATrppoRGQrWCcf3M7/zxLThiWrCJGWBJCPFI04JWKnbHPQhZkAG5YpX9ebA68QvSAUVaAzKP/1hQjPJFFBBjOn5XgpBTjRwKtjU7WeGpYSOyYj1LFVEMhPk83un+NIqQxwl2pYCPFf/TuREGjORoe2UBGKz6s3E/7xeBtFdkHOVZsAUXSyKMoEhwbPn8ZBrRkFMLCFUc3srpjHRhIKNaGkLlaHmoximrmuz8VeTWCftWtW/qfqP15V6rUiphM7RBbpCPrpFdfSAGqiFKBLoBb2iN+fZeXc+nM9F64ZTzJyhJThfv1eQmUA=</latexit>

T✓

<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3
<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z) 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

<latexit sha1_base64="3I9MW3bDKsU2KlJGrXPtINkleW4=">AAACE3icbVDLSsNAFJ3UV62vapduBotQNyUpoi4LblxWsA9oSphMJ83QmSTM3Iih9DNcu9VvcCdu/QA/wb9w2mZhWw9cOJxzL+dy/ERwDbb9bRU2Nre2d4q7pb39g8Oj8vFJR8epoqxNYxGrnk80EzxibeAgWC9RjEhfsK4/vp353UemNI+jB8gSNpBkFPGAUwJG8soVV3OJXRXGngshA1J7uvDKVbtuz4HXiZOTKsrR8so/7jCmqWQRUEG07jt2AoMJUcCpYNOSm2qWEDomI9Y3NCKS6cFk/vwUnxtliINYmYkAz9W/FxMitc6kbzYlgVCvejPxP6+fQnAzmPAoSYFFdBEUpAJDjGdN4CFXjILIDCFUcfMrpiFRhILpaymFSl/xUQjTUsl046w2sU46jbpzVXfuL6vNRt5SEZ2iM1RDDrpGTXSHWqiNKMrQC3pFb9az9W59WJ+L1YKV31TQEqyvX9hnnb4=</latexit>

⇠ ⇢✓(x)<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)

<latexit sha1_base64="PyMuMquP536tcC1/FF/8UGeWBD0=">AAACBHicbVDLSgNBEOyNr7i+oh69DAbBU9gNoh6DXjxGMA9IljA7mU3GzOwsM7NCWHL17FW/wZt49T/8BP/CSbIHk1jQUFR1090VJpxp43nfTmFtfWNzq7jt7uzu7R+UDo+aWqaK0AaRXKp2iDXlLKYNwwyn7URRLEJOW+Hoduq3nqjSTMYPZpzQQOBBzCJGsLFSs6uGsnfTK5W9ijcDWiV+TsqQo94r/XT7kqSCxoZwrHXH9xITZFgZRjiduN1U0wSTER7QjqUxFlQH2ezaCTqzSh9FUtmKDZqpfycyLLQei9B2CmyGetmbiv95ndRE10HG4iQ1NCbzRVHKkZFo+jrqM0WJ4WNLMFHM3orIECtMjA1oYQsRoWKDoZm4rs3GX05ilTSrFf+y4t9flGvVPKUinMApnIMPV1CDO6hDAwg8wgu8wpvz7Lw7H87nvLXg5DPHsADn6xei0phN</latexit>

⇢B
<latexit sha1_base64="BeqWcsHckINTKom38ZwkMHuhWJ8=">AAACJnicbVDLSsNAFJ34rPUVdelmsCiuSlKkiquCG5dV+oImlsl02g6dPJi5EUrIH/ghrt3qN7gTcefWv3DSZmFbD1w4nHMv997jRYIrsKwvY2V1bX1js7BV3N7Z3ds3Dw5bKowlZU0ailB2PKKY4AFrAgfBOpFkxPcEa3vjm8xvPzKpeBg0YBIx1yfDgA84JaClnnnW6DkwYkCuseMTGHlecp8+RNiBcCZQIpJO2jNLVtmaAi8TOycllKPeM3+cfkhjnwVABVGqa1sRuAmRwKlgadGJFYsIHZMh62oaEJ8pN5n+k+JTrfTxIJS6AsBT9e9EQnylJr6nO7MT1aKXif953RgGV27CgygGFtDZokEssH42Cwf3uWQUxEQTQiXXt2I6IpJQ0BHObaG+J/lwBGmxqLOxF5NYJq1K2a6Wq3cXpVolT6mAjtEJOkc2ukQ1dIvqqIkoekIv6BW9Gc/Gu/FhfM5aV4x85gjNwfj+BT4tpeM=</latexit>

T✓ : Rp ! X

[Song et al. ICLR 2021]

push-forward 
distribution

New dog picture for each 
new base variable!



A small latent space following the manifold hypothesis
(GANs, VAEs ..)

4

[Donahue et al, ICLR 2018] 

Interpolating in the latent space: 

<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3
<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)
<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)

<latexit sha1_base64="9DgvEn0df9lsA63MKlhjVa/myAw=">AAACC3icbVDLSgMxFM3UVx1fVZdugkVwVWaKVJcFNy6r2Ae0Y0nSTBuaZMYkI5Shn+DarX6DO3HrR/gJ/oWZdha29cCFwzn3cg8Hx5xp43nfTmFtfWNzq7jt7uzu7R+UDo9aOkoUoU0S8Uh1MNKUM0mbhhlOO7GiSGBO23h8nfntJ6o0i+S9mcQ0EGgoWcgIMlYKegKZEcbp3fQhhv1S2at4M8BV4uekDHI0+qWf3iAiiaDSEI607vpebIIUKcMIp1O3l2gaIzJGQ9q1VCJBdZDOQk/hmVUGMIyUHWngTP17kSKh9URgu5mF1MteJv7ndRMTXgUpk3FiqCTzR2HCoYlg1gAcMEWJ4RNLEFHMZoVkhBQixva08IUIrNhwZKaua7vxl5tYJa1qxa9VarcX5Xo1b6kITsApOAc+uAR1cAMaoAkIeAQv4BW8Oc/Ou/PhfM5XC05+cwwW4Hz9AiVHm1Q=</latexit>

Rp
<latexit sha1_base64="GYAsD8JBCRywJKVU8bk0DVVCCGE=">AAACIHicbVDLSgNBEJyNrxhfqx69DAbBU9gNEj0GvHiMYh6QxDAzO5sMmX0w0yuEZa9+iGev+g3exKP+gX/hbJKDSSxoKKq66e6isRQaHOfLKqytb2xuFbdLO7t7+wf24VFLR4livMkiGakOJZpLEfImCJC8EytOAip5m46vc7/9yJUWUXgPk5j3AzIMhS8YASMNbNwLCIwYkWknwz2dUM1hplGa3mUP3sAuOxVnCrxK3DkpozkaA/un50UsCXgITBKtu64TQz8lCgSTPCv1Es1jwsZkyLuGhiTgup9OP8nwmVE87EfKVAh4qv6dSEmg9SSgpjO/US97ufif103Av+qnIowT4CGbLfITiSHCeSzYE4ozkBNDCFPC3IrZiCjCwIS3sIUFVInhCLJSyWTjLiexSlrVilur1G4vyvXqPKUiOkGn6By56BLV0Q1qoCZi6Am9oFf0Zj1b79aH9TlrLVjzmWO0AOv7FyVvo88=</latexit>

X ⇢ Rd

▷ As we will see however, modern transport-based generative models will drop this intuition!

<latexit sha1_base64="SePoQ0AmxCJjyrH1SQkzi6Wfde4="></latexit>

p → d



Transport based deep generative models 5

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function[Song et al. ICLR 2021]

<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)
<latexit sha1_base64="3I9MW3bDKsU2KlJGrXPtINkleW4=">AAACE3icbVDLSsNAFJ3UV62vapduBotQNyUpoi4LblxWsA9oSphMJ83QmSTM3Iih9DNcu9VvcCdu/QA/wb9w2mZhWw9cOJxzL+dy/ERwDbb9bRU2Nre2d4q7pb39g8Oj8vFJR8epoqxNYxGrnk80EzxibeAgWC9RjEhfsK4/vp353UemNI+jB8gSNpBkFPGAUwJG8soVV3OJXRXGngshA1J7uvDKVbtuz4HXiZOTKsrR8so/7jCmqWQRUEG07jt2AoMJUcCpYNOSm2qWEDomI9Y3NCKS6cFk/vwUnxtliINYmYkAz9W/FxMitc6kbzYlgVCvejPxP6+fQnAzmPAoSYFFdBEUpAJDjGdN4CFXjILIDCFUcfMrpiFRhILpaymFSl/xUQjTUsl046w2sU46jbpzVXfuL6vNRt5SEZ2iM1RDDrpGTXSHWqiNKMrQC3pFb9az9W59WJ+L1YKV31TQEqyvX9hnnb4=</latexit>

⇠ ⇢✓(x)
<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)
<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3

<latexit sha1_base64="O1baf0S33oEIO9DzOYNcEO5vuJQ="></latexit>

T✓ : ⌦ 7! ⌦
learnable diffeomorphism

= transport map

We will see:
▷ The transport map can be parametrized in different ways:

o Explicit parametrization of the map (normalizing flows)
o Parametrization of a velocity or drift field to be included in an ODE/SDE 

(continuous normalizing flows, diffusion models, flow matchings/stochastic interpolants)

▷ Transport based generative models are also well suited for sampling!



Examples of scientific applications of sampling 6

[Jaillet et al, 
J Comp Chem 2011]

[Price-Whelan et al. 
The Astrophysical Journal 2017]

[Gabrié et al, ICML workshop 2021]

▷ Statistical mechanics: 
Gibbs-Boltzmann distribution

▷ Data analysis:  Bayesian posteriors
<latexit sha1_base64="iyMIZ1izM+4BytUqEya8QHOQQYQ="></latexit>

⇢⇤(x) =
1

Z�
e��U(x)

<latexit sha1_base64="6vEuEOv5Vh3DIEqihbA/OAO2srU="></latexit>

⇢⇤(✓) / `(D|✓)⇢0(✓)

▷ Distribution is known up to a normalization constant and to retrieve information from it, 
first sample then build Monte Carlo estimators

<latexit sha1_base64="wCSbLBQVdQE3kvdk3KtoNO+iaw8="></latexit>

x (1), x (2), . . . , x (k) → ω→(x)
<latexit sha1_base64="Nfnow7Vk+3GUdv3i2QmPpoWPBEs="></latexit>

1

k

k∑

i=1

f (x i) → E[f (x)]



▷ Local exploration Markov chain Monte Carlo 
(MCMC) (e.g. Metropolis Adjusted Langevin) 

High variance! High bias!

<latexit sha1_base64="cYhIbgyY0OmzzZUGQo8aUpVwoPM="></latexit>

w(xi) =
⇢⇤(x)

⇢prop(x)
Handles multimodality but 

does not scale with dimension!

Scales better with dimension but 

does not handle multimodality!

<latexit sha1_base64="6XTH4XgayLCTfQ3Sv2l7tivFfNI="></latexit>

E⇢⇤ [f (x)] =
Z

⌦
f (x)⇢⇤(x)dx ⇡

1

N

NX

i=1

w(xi)f (xi)

<latexit sha1_base64="5htkgbf9kJLJP5V5MXxlH+ltMuQ="></latexit>

E⇢⇤ [f (x)] =
Z

⌦
f (x)⇢⇤(x)dx ⇡

1

NT

TX

t=1

NX

i=1

f (x ti )

Why sampling multimodal distributions is hard?

<latexit sha1_base64="iyMIZ1izM+4BytUqEya8QHOQQYQ="></latexit>

⇢⇤(x) =
1

Z�
e��U(x)

7

Two fundamental approaches to sampling:

▷ Shoot and reject/reweight algorithms: 
(e.g. Importance Sampling IS)

<latexit sha1_base64="JmZrEON6e60JQDWaFFJwVBhD9Bc="></latexit>

xi ⇠ ⇢prop(x)



Enhanced samplers for multimodal distributions 
▷ Decades of research on how to best tackle multimodal distributions

▷ Annealing methods: a path of distributions bridging an easy to sample distribution to the target

e.g. Parallel tempering/replica exchange, Annealed Importance Sampling (AIS), Sequential Monte Carlo (SMC)

▷ Enhanced samplers with “collective variables”: drive exploration along a low dimensional projection

e.g. Metadynamics, Adaptive Biasing Force, Umbrella Sampling 

▷ Samplers assisted by generative models: Train a model to approximate the target and use it as a helper

mainly with Autoregressive Models, Normalizing Flows

& Diffusion Models

8

[Marinari & Parisi (1992), Geyer & Thomson (1995), Neal (1998), Del Moral, Doucet & Ajay (2006) etc.] 

[Fu et al. “Enhanced Sampling Based on Collective Variables.” 2023] 

[Rezende & Mohamed ICML 2015, Albergo et al PRD 2019, Wu et al. PRL 2019, Noé et al. Science 2019, Gabrié et al. PNAS 2019 etc.]

[Vargas et al. arXiv:2302.13834, RDMC - Huang et al. 2307.02037, Berner et al. arXiv:2307.01198, 
Vargas et al. arXiv:arXiv:2307.01050, SLIPS – Grenioux et al. 2402.10758, Akhound-Sadegh et al. 2402.06121]



Outline

I. Normalizing flows

A. Original formulation
i. construction
ii. training
iii. use for sampling

B. Continuous normalizing flows
i. construction
ii. likelihood computation

II. Diffusion models & flow matchings

A. Diffusion models
i. construction
ii. training
iii. use for sampling

B. Flow matchings/Stochastic interpolants
i. construction
ii. training

9



▷ Parametrized invertible map

o Base distribution 

o Push-forward distribution

▷ e.g. “Coupling layers”: easy-to-compute inverse and Jacobian

I.A.i A special type of Deep Generative Models
Normalizing Flows (NF): Invertible networks

10

[Tabak & Vanden Eijnden Commun. Math. Sci. 2010,  Dinh, L. et al ICLR 2017, Papamakarios, G et al JMLR 2021] 

<latexit sha1_base64="O1baf0S33oEIO9DzOYNcEO5vuJQ="></latexit>

T✓ : ⌦ 7! ⌦
<latexit sha1_base64="sL92Hfdt2dAUCx7mDYeTDmcAeUo="></latexit>

⌦ ⇢ Rd

<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)

<latexit sha1_base64="QtflIHkCliC5foMRoS45J/6c03M="></latexit>

z ⇠ ⇢B(z)

<latexit sha1_base64="XNPxblVKHmaWEfn/23jaO77FZok=">AAACKXicbZDLSgMxFIYz9VbrbdSlm2ARWoUyU0TdCAU3LivYC7TDkEkzbWjmQnJGWkqfwQdx7VafwZ26deVbmLaz6MUfAj/fOYdz8nux4Aos68vIrK1vbG5lt3M7u3v7B+bhUV1FiaSsRiMRyaZHFBM8ZDXgIFgzlowEnmANr383qTeemFQ8Ch9hGDMnIN2Q+5wS0Mg1i0PXxrdYuW3oMSCFgVsu4nM80PQCwzx1zbxVsqbCq8ZOTR6lqrrmb7sT0SRgIVBBlGrZVgzOiEjgVLBxrp0oFhPaJ13W0jYkAVPOaPqlMT7TpIP9SOoXAp7S+YkRCZQaBp7uDAj01HJtAv+rtRLwb5wRD+MEWEhni/xEYIjwJB/c4ZJREENtCJVc34ppj0hCQae4sIUGnuTdHoxzOZ2NvZzEqqmXS/ZVyX64zFesNKUsOkGnqIBsdI0q6B5VUQ1R9Ixe0Rt6N16MD+PT+J61Zox05hgtyPj5A8tFpDQ=</latexit>

y1 = s✓(x2) ⇤ x1 + t✓(x2)

<latexit sha1_base64="ld7DOQ2s7Bkc8M/h4imaDh+kbLY=">AAACB3icbVDLSsNAFL3xWeOr6tLNYBFclaSIuhEKblxWsA9pQ5hMJ+3QmSTMTMQQ+gGu3eo3uBO3foaf4F84bbOwrQcuHM65l3vvCRLOlHacb2tldW19Y7O0ZW/v7O7tlw8OWypOJaFNEvNYdgKsKGcRbWqmOe0kkmIRcNoORjcTv/1IpWJxdK+zhHoCDyIWMoK1kR4yv4au0ZNf88sVp+pMgZaJW5AKFGj45Z9ePyapoJEmHCvVdZ1EezmWmhFOx3YvVTTBZIQHtGtohAVVXj49eIxOjdJHYSxNRRpN1b8TORZKZSIwnQLroVr0JuJ/XjfV4ZWXsyhJNY3IbFGYcqRjNPke9ZmkRPPMEEwkM7ciMsQSE20ymttCRCDZYKjHtm2ycReTWCatWtW9qLp355W6U6RUgmM4gTNw4RLqcAsNaAIBAS/wCm/Ws/VufVifs9YVq5g5gjlYX7+M8Ziz</latexit>y2 = x2
<latexit sha1_base64="xHZuLCOi6B9usaFjyeOgHGsobsU=">AAACAXicbVDLSgNBEJyNr7i+oh69DAbBU9gNoh4DXjxGNA9IljA7md0MmZldZnrFEHLy7FW/wZt49Uv8BP/CSbIHk1jQUFR1090VpoIb8Lxvp7C2vrG5Vdx2d3b39g9Kh0dNk2SasgZNRKLbITFMcMUawEGwdqoZkaFgrXB4M/Vbj0wbnqgHGKUskCRWPOKUgJXun3rVXqnsVbwZ8Crxc1JGOeq90k+3n9BMMgVUEGM6vpdCMCYaOBVs4nYzw1JChyRmHUsVkcwE49mpE3xmlT6OEm1LAZ6pfyfGRBozkqHtlAQGZtmbiv95nQyi62DMVZoBU3S+KMoEhgRP/8Z9rhkFMbKEUM3trZgOiCYUbDoLW6gMNY8HMHFdm42/nMQqaVYr/mXFv7so17w8pSI6QafoHPnoCtXQLaqjBqIoRi/oFb05z8678+F8zlsLTj5zjBbgfP0CMW6W8A==</latexit>x2

<latexit sha1_base64="6TljLrgbFjtAjGgvqlSc+Jjq86k=">AAACAXicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPBi8eKthXaUDbbTbp0dxN2J2IJPXn2qr/Bm3j1l/gT/Bdu2xxs64OBx3szzMwLU8ENeN63U1pZXVvfKG+6W9s7u3uV/YOWSTJNWZMmItEPITFMcMWawEGwh1QzIkPB2uHweuK3H5k2PFH3MEpZIEmseMQpASvdPfX8XqXq1bwp8DLxC1JFBRq9yk+3n9BMMgVUEGM6vpdCkBMNnAo2druZYSmhQxKzjqWKSGaCfHrqGJ9YpY+jRNtSgKfq34mcSGNGMrSdksDALHoT8T+vk0F0FeRcpRkwRWeLokxgSPDkb9znmlEQI0sI1dzeiumAaELBpjO3hcpQ83gAY9e12fiLSSyT1lnNv6j5t+fVulekVEZH6BidIh9dojq6QQ3URBTF6AW9ojfn2Xl3PpzPWWvJKWYO0Rycr18v05bv</latexit>x1

<latexit sha1_base64="ONhabxCP8sVeWTzxCN8mrbgISVE=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXaptfFIUfaK1e8qjcDWSV+QSpQoN4r/3T7CcsUj5FJakzH91IMcqpRMMknbjczPKVsRAe8Y2lMFTdBPrt3Qs6t0idRom3FSGbq34mcKmPGKrSdiuLQLHtT8T+vk2F0G+QiTjPkMZsvijJJMCHT50lfaM5Qji2hTAt7K2FDqilDG9HCFqZCLQZDnLiuzcZfTmKVNC+r/nXVf7iq1LwipRKcwhlcgA83UIN7qEMDGEh4gVd4c56dd+fD+Zy3rjnFzAkswPn6BYmUmV0=</latexit>s✓
<latexit sha1_base64="mB/3iH35YiKSbLl8gzHjW41NZp4=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXa2OvikCPtlSte1ZuBrBK/IBUoUO+Vf7r9hGWKx8gkNabjeykGOdUomOQTt5sZnlI2ogPesTSmipsgn907IedW6ZMo0bZiJDP170ROlTFjFdpORXFolr2p+J/XyTC6DXIRpxnymM0XRZkkmJDp86QvNGcox5ZQpoW9lbAh1ZShjWhhC1OhFoMhTlzXZuMvJ7FKmpdV/7rqP1xVal6RUglO4QwuwIcbqME91KEBDCS8wCu8Oc/Ou/PhfM5b15xi5gQW4Hz9Aos2mV4=</latexit>

t✓

<latexit sha1_base64="4e4UZy8vnOag6aAseNJC21YI944=">AAAB/3icbVDLSgNBEJz1GddX1KOXwSCIh7Aroh4DXjwmYB6QLGF20psMmdldZnqFEHLw7FW/wZt49VP8BP/CSbIHk1jQUFR1090VplIY9LxvZ219Y3Nru7Dj7u7tHxwWj44bJsk0hzpPZKJbITMgRQx1FCihlWpgKpTQDIf3U7/5BNqIJH7EUQqBYv1YRIIztFLtslsseWVvBrpK/JyUSI5qt/jT6SU8UxAjl8yYtu+lGIyZRsElTNxOZiBlfMj60LY0ZgpMMJ4dOqHnVunRKNG2YqQz9e/EmCljRiq0nYrhwCx7U/E/r51hdBeMRZxmCDGfL4oySTGh069pT2jgKEeWMK6FvZXyAdOMo81mYQtXoRb9AU5c12bjLyexShpXZf+m7NeuSxUvT6lATskZuSA+uSUV8kCqpE44AfJCXsmb8+y8Ox/O57x1zclnTsgCnK9fgASV/Q==</latexit>⇤ <latexit sha1_base64="cbzT+WDoBXvWitt/RPndmR0SBiE=">AAAB/3icbVDLSgNBEJz1GddX1KOXwSAIQtgVUY8BLx4TMA9IljA76U2GzOwuM71CCDl49qrf4E28+il+gn/hJNmDSSxoKKq66e4KUykMet63s7a+sbm1Xdhxd/f2Dw6LR8cNk2SaQ50nMtGtkBmQIoY6CpTQSjUwFUpohsP7qd98Am1EEj/iKIVAsX4sIsEZWql22S2WvLI3A10lfk5KJEe1W/zp9BKeKYiRS2ZM2/dSDMZMo+ASJm4nM5AyPmR9aFsaMwUmGM8OndBzq/RolGhbMdKZ+ndizJQxIxXaTsVwYJa9qfif184wugvGIk4zhJjPF0WZpJjQ6de0JzRwlCNLGNfC3kr5gGnG0WazsIWrUIv+ACeua7Pxl5NYJY2rsn9T9mvXpYqXp1Qgp+SMXBCf3JIKeSBVUiecAHkhr+TNeXbenQ/nc9665uQzJ2QBztcvgZ+V/g==</latexit>

+

Affine coupling layer
<latexit sha1_base64="noIe/qo10NM4Av4/zzU2HXBs69U="></latexit>

T✓(x)

<latexit sha1_base64="ld7DOQ2s7Bkc8M/h4imaDh+kbLY=">AAACB3icbVDLSsNAFL3xWeOr6tLNYBFclaSIuhEKblxWsA9pQ5hMJ+3QmSTMTMQQ+gGu3eo3uBO3foaf4F84bbOwrQcuHM65l3vvCRLOlHacb2tldW19Y7O0ZW/v7O7tlw8OWypOJaFNEvNYdgKsKGcRbWqmOe0kkmIRcNoORjcTv/1IpWJxdK+zhHoCDyIWMoK1kR4yv4au0ZNf88sVp+pMgZaJW5AKFGj45Z9ePyapoJEmHCvVdZ1EezmWmhFOx3YvVTTBZIQHtGtohAVVXj49eIxOjdJHYSxNRRpN1b8TORZKZSIwnQLroVr0JuJ/XjfV4ZWXsyhJNY3IbFGYcqRjNPke9ZmkRPPMEEwkM7ciMsQSE20ymttCRCDZYKjHtm2ycReTWCatWtW9qLp355W6U6RUgmM4gTNw4RLqcAsNaAIBAS/wCm/Ws/VufVifs9YVq5g5gjlYX7+M8Ziz</latexit>y2 = x2
<latexit sha1_base64="xHZuLCOi6B9usaFjyeOgHGsobsU=">AAACAXicbVDLSgNBEJyNr7i+oh69DAbBU9gNoh4DXjxGNA9IljA7md0MmZldZnrFEHLy7FW/wZt49Uv8BP/CSbIHk1jQUFR1090VpoIb8Lxvp7C2vrG5Vdx2d3b39g9Kh0dNk2SasgZNRKLbITFMcMUawEGwdqoZkaFgrXB4M/Vbj0wbnqgHGKUskCRWPOKUgJXun3rVXqnsVbwZ8Crxc1JGOeq90k+3n9BMMgVUEGM6vpdCMCYaOBVs4nYzw1JChyRmHUsVkcwE49mpE3xmlT6OEm1LAZ6pfyfGRBozkqHtlAQGZtmbiv95nQyi62DMVZoBU3S+KMoEhgRP/8Z9rhkFMbKEUM3trZgOiCYUbDoLW6gMNY8HMHFdm42/nMQqaVYr/mXFv7so17w8pSI6QafoHPnoCtXQLaqjBqIoRi/oFb05z8678+F8zlsLTj5zjBbgfP0CMW6W8A==</latexit>x2

<latexit sha1_base64="ONhabxCP8sVeWTzxCN8mrbgISVE=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXaptfFIUfaK1e8qjcDWSV+QSpQoN4r/3T7CcsUj5FJakzH91IMcqpRMMknbjczPKVsRAe8Y2lMFTdBPrt3Qs6t0idRom3FSGbq34mcKmPGKrSdiuLQLHtT8T+vk2F0G+QiTjPkMZsvijJJMCHT50lfaM5Qji2hTAt7K2FDqilDG9HCFqZCLQZDnLiuzcZfTmKVNC+r/nXVf7iq1LwipRKcwhlcgA83UIN7qEMDGEh4gVd4c56dd+fD+Zy3rjnFzAkswPn6BYmUmV0=</latexit>s✓
<latexit sha1_base64="mB/3iH35YiKSbLl8gzHjW41NZp4=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXa2OvikCPtlSte1ZuBrBK/IBUoUO+Vf7r9hGWKx8gkNabjeykGOdUomOQTt5sZnlI2ogPesTSmipsgn907IedW6ZMo0bZiJDP170ROlTFjFdpORXFolr2p+J/XyTC6DXIRpxnymM0XRZkkmJDp86QvNGcox5ZQpoW9lbAh1ZShjWhhC1OhFoMhTlzXZuMvJ7FKmpdV/7rqP1xVal6RUglO4QwuwIcbqME91KEBDCS8wCu8Oc/Ou/PhfM5b15xi5gQW4Hz9Aos2mV4=</latexit>
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Inverse layer
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▷ Normalizing flows are a type of generative models with tractable likelihood
with         a diffeomorphism:

▷ Use approximate NF model as a proposal in Monte Carlo strategies to obtain exact samples

I.A.iii. Normalizing flows (NF) for sampling 11

⇠ ⇢✓(x)
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T✓ : ⌦ 7! ⌦ ⇠ ⇢✓(x) = ⇢B(T�1✓ (x)) det
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��
[Tabak & Vanden-Eijnden Com. Math. Sci. 2010,  
Dinh et al ICLR 2017,  Papamakarios et al. JMLR 
2021]

Pioneering works in physics: [Rezende & Mohamed ICML 2015, Albergo et al. PRD 2019,  Wu et al. PRL 2019, Noé et al. Science 2019]
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▷ Requires the knowledge 
of the modes location!

I.A.iii. Adaptive training: Learning a NF while sampling 12
▷ flowMC loops over 3 steps:

▷ Converging all steps in 
parallel:
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i
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[MG, Rotskoff, Vanden-Eijnden PNAS 2022, Parno & Marzouk 2018 SIAM Journal of Uncertainty; Naesseth et al. Neurips 2020]

a.k.a no free lunch!
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1. local sampler 2. maximum likelihood 3. non-local sampler

[MG, Rotskoff, Vanden-Eijnden PNAS 2022]



I.A.iii. Variational training of NFs for sampling
▷ A data-free learning objective:  the (reverse) Kullback-Leibler divergence

13
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zi ⇠ ⇢B(z)

Weiss, P. (1907). L’hypothèse du champ moléculaire et la propriété ferromagnétique. 
Rezende et al. ICML 205, Wu et al. PRL 2019, Albergo et al PRD 2019

Mode collapse! 
Adhoc fixes in these first papers (annealing and adding data!)



I.A.iii. Sequential tempering for training

▷ Consider a tempering path of distributions:

▷ Train either
o adaptively (sampling MCMC chains in parallel)
o variationally (minimize the “reverse” KL)

14

Wu et al. “Solving Statistical Mechanics Using Variational Autoregressive Networks.” PRL 2019
McNaughton et al.  “Boosting Monte Carlo Simulations of Spin Glasses Using Autoregressive Neural Networks” PRE 2020
Hackett et al. “Flow-Based Sampling for Multimodal Distributions in Lattice Field Theory.” arXiv:2107.00734.
Ciarella et al. “Machine-Learning-Assisted Monte Carlo Fails at Sampling Computationally Hard” MLST 2023
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I. Normalizing flows

A. Original formulation
i. construction
ii. training
iii. use for sampling

B. Continuous normalizing flows
i. construction
ii. likelihood computation

II. Diffusion models & flow matchings

A. Diffusion models
i. construction
ii. training
iii. use for sampling

B. Flow matchings/Stochastic interpolants
i. construction
ii. training

15



Diffusion models
▷ An example of noising/denoising paths for a 1D mixture of Gaussian distribution

16

Brian D O Anderson. Reverse-time diffusion equation models. Stochastic Process. Appl., 12(3): 313–326, May 1982.
Sohl-Dickstein et al. “Deep Unsupervised Learning Using Nonequilibrium Thermodynamics.” ICML 2015,
Ho et al. “Denoising Diffusion Probabilistic Models.” In Neural Information Processing Systems 2020
Song et al. “Score-Based Generative Modeling through Stochastic Differential Equations.” ICLR 2021

[Song et al. ICLR 2021]



Diffusion models quickly became state of the art 17

[Diffusion Models Beat GANs on Image Synthesis, Dhariwal & Nichol, NeurIPS 2021]



II.A.iii. Diffusion for sampling:
Investigated strategies to estimate the score without data
▷ Non parametric: Monte Carlo estimation of the score in Monte Carlo diffusion samplers

Computing the score = computing an expectation with respect to the posterior 

▷ Parametric: Variational inference meets diffusion models

18

Saremi et al. “Chain of Log-Concave Markov Chains,” ICLR 2024
Huang et al. “Reverse Diffusion Monte Carlo,” ICLR 2024
Grenioux*, Noble*, MG, and Oliviero Durmus. “Stochastic Localization via Iterative Posterior Sampling.” ICML 2024
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Zhang, et al. “Path Integral Sampler: A Stochastic Control Approach For Sampling.” ICLR 2022
Vargas, et al. “Denoising Diffusion Samplers.” ICLR 2023 
Richter, et al. “Improved sampling via learned diffusions.” ICLR 2024 
Noble*, Grenioux* et MG and Oliviero Durmus. “Learned Reference-based Diffusion Sampler for multi-modal distributions” , ICLR 2025
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B. Continuous normalizing flows
i. construction
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A. Diffusion models
i. construction
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i. construction
ii. training
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II.B.i Flow matching / stochastic interpolant models
▷ Build a bridge between two arbitrary distributions

▷ The distribution is also generated by an ODE

with

▷ Close cousins to diffusion models, differences/advantages
o Base distribution can be arbitrary

o The process bridges the two distribution exactly between times 0 and 1

o But requires to choose an interpolant (how?)

20

Albergo et al, “Building Normalizing Flows with Stochastic Interpolants”, ICLR 2022
Lipman et al, “Flow Matching for Generative Modeling,” ICLR 2022
Albergo et al, “Stochastic Interpolants: A Unifying Framework for Flows and Diffusions”, JMLR 2024 

https://github.com/malbergo/stochastic-interpolants
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III. Neural ODE for sampling 23

Vaikuntanathan and Jarzynski. “Escorted Free Energy Simulations: Improving Convergence by Reducing Dissipation.” PRL 2008
Vargas et al “Transport Meets Variational Inference: Controlled Monte Carlo Diffusions.” ICLR 2024.
Albergo and Vanden Eijnden. “NETS: A Non-Equilibrium Transport Sampler.”ICML 2025

▷ Annealing methods: a path of distributions bridging 
an easy to sample distribution to the target

e.g. Parallel tempering/replica exchange, 
Annealed Importance Sampling (AIS), 
Sequential Monte Carlo (SMC)

▷ Idea: 
o Fix a path of distributions with density known up to 

normalization

o Learn a velocity field realizing the desired path of 
distributions

[Marinari & Parisi (1992), Geyer & Thomson (1995), 
Neal (1998), Del Moral, Doucet & Ajay (2006) etc.] 
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