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INTRODUCTION
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▷ Information about the system is the Boltzmann distribution:
(known up to normalization)

▷ Although we will do ML, there is no extensive dataset to start with

▷ Averages with respect to           describe the thermodynamics
à too costly to compute by numerical integration ...

▷ Monte Carlo approximations consist in sampling

with , 

▷ Overall goal: Sample from a target distribution to characterize 
the thermodynamics!

▷ Disclaimer: No information about the dynamics!

Setting the stage of the sampling problem 2
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⇢⇤(x)

ex: one particle in 2d
with two wells
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 <latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>

�↵ = 8.0
<latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit>

�<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>

 <latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>
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<latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit>

�↵ = 0.0
<latexit sha1_base64="UAyMyXusRSiBx4CJnCdMvCR39EU=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7Argl6EoBePEcwDskvoncwmQ2YfzMyKYcmvePGgiFd/xJt/4yTZgyYWdFNUdTM9FaSCK+0431ZpbX1jc6u8XdnZ3ds/sA+rbZVkkrIWTUQiuwEqJnjMWpprwbqpZBgFgnWC8e3M7zwyqXgSP+hJyvwIhzEPOUVtpL5d9QKmkXgo0hGSa+LUnb5dM30OskrcgtSgQLNvf3mDhGYRizUVqFTPdVLt5yg1p4JNK16mWIp0jEPWMzTGiCk/n98+JadGGZAwkaZiTebq740cI6UmUWAmI9QjtezNxP+8XqbDKz/ncZppFtPFQ2EmiE7ILAgy4JJRLSaGIJXc3EroCCVSbeKqmBDc5S+vkvZ53XXq7v1FrXFTxFGGYziBM3DhEhpwB01oAYUneIZXeLOm1ov1bn0sRktWsXMEf2B9/gCwbpLk</latexit><latexit sha1_base64="UAyMyXusRSiBx4CJnCdMvCR39EU=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7Argl6EoBePEcwDskvoncwmQ2YfzMyKYcmvePGgiFd/xJt/4yTZgyYWdFNUdTM9FaSCK+0431ZpbX1jc6u8XdnZ3ds/sA+rbZVkkrIWTUQiuwEqJnjMWpprwbqpZBgFgnWC8e3M7zwyqXgSP+hJyvwIhzEPOUVtpL5d9QKmkXgo0hGSa+LUnb5dM30OskrcgtSgQLNvf3mDhGYRizUVqFTPdVLt5yg1p4JNK16mWIp0jEPWMzTGiCk/n98+JadGGZAwkaZiTebq740cI6UmUWAmI9QjtezNxP+8XqbDKz/ncZppFtPFQ2EmiE7ILAgy4JJRLSaGIJXc3EroCCVSbeKqmBDc5S+vkvZ53XXq7v1FrXFTxFGGYziBM3DhEhpwB01oAYUneIZXeLOm1ov1bn0sRktWsXMEf2B9/gCwbpLk</latexit><latexit sha1_base64="UAyMyXusRSiBx4CJnCdMvCR39EU=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7Argl6EoBePEcwDskvoncwmQ2YfzMyKYcmvePGgiFd/xJt/4yTZgyYWdFNUdTM9FaSCK+0431ZpbX1jc6u8XdnZ3ds/sA+rbZVkkrIWTUQiuwEqJnjMWpprwbqpZBgFgnWC8e3M7zwyqXgSP+hJyvwIhzEPOUVtpL5d9QKmkXgo0hGSa+LUnb5dM30OskrcgtSgQLNvf3mDhGYRizUVqFTPdVLt5yg1p4JNK16mWIp0jEPWMzTGiCk/n98+JadGGZAwkaZiTebq740cI6UmUWAmI9QjtezNxP+8XqbDKz/ncZppFtPFQ2EmiE7ILAgy4JJRLSaGIJXc3EroCCVSbeKqmBDc5S+vkvZ53XXq7v1FrXFTxFGGYziBM3DhEhpwB01oAYUneIZXeLOm1ov1bn0sRktWsXMEf2B9/gCwbpLk</latexit><latexit sha1_base64="UAyMyXusRSiBx4CJnCdMvCR39EU=">AAAB+3icbVDLSgNBEOyNrxhfazx6GQyCp7Argl6EoBePEcwDskvoncwmQ2YfzMyKYcmvePGgiFd/xJt/4yTZgyYWdFNUdTM9FaSCK+0431ZpbX1jc6u8XdnZ3ds/sA+rbZVkkrIWTUQiuwEqJnjMWpprwbqpZBgFgnWC8e3M7zwyqXgSP+hJyvwIhzEPOUVtpL5d9QKmkXgo0hGSa+LUnb5dM30OskrcgtSgQLNvf3mDhGYRizUVqFTPdVLt5yg1p4JNK16mWIp0jEPWMzTGiCk/n98+JadGGZAwkaZiTebq740cI6UmUWAmI9QjtezNxP+8XqbDKz/ncZppFtPFQ2EmiE7ILAgy4JJRLSaGIJXc3EroCCVSbeKqmBDc5S+vkvZ53XXq7v1FrXFTxFGGYziBM3DhEhpwB01oAYUneIZXeLOm1ov1bn0sRktWsXMEf2B9/gCwbpLk</latexit>

�
<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>
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(c) �↵ = 2.2
<latexit sha1_base64="rrTk2nqDfeq34+PswLpAICgvPHc=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHaDoBch6MVjBPOA7BJ6J7PJkNkHM71iWPIrXjwo4tUf8ebfOEn2oIkFDUVVN91dQSqFRsf5ttbWNza3tks75d29/YND+6jS1kmmGG+xRCaqG4DmUsS8hQIl76aKQxRI3gnGtzO/88iVFkn8gJOU+xEMYxEKBmikvl3xAo5APZDpCOg1rdfqfbvq1Jw56CpxC1IlBZp9+8sbJCyLeIxMgtY910nRz0GhYJJPy16meQpsDEPeMzSGiGs/n98+pWdGGdAwUaZipHP190QOkdaTKDCdEeBIL3sz8T+vl2F45eciTjPkMVssCjNJMaGzIOhAKM5QTgwBpoS5lbIRKGBo4iqbENzll1dJu15znZp7f1Ft3BRxlMgJOSXnxCWXpEHuSJO0CCNP5Jm8kjdrar1Y79bHonXNKmaOyR9Ynz+2gpLo</latexit><latexit sha1_base64="rrTk2nqDfeq34+PswLpAICgvPHc=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHaDoBch6MVjBPOA7BJ6J7PJkNkHM71iWPIrXjwo4tUf8ebfOEn2oIkFDUVVN91dQSqFRsf5ttbWNza3tks75d29/YND+6jS1kmmGG+xRCaqG4DmUsS8hQIl76aKQxRI3gnGtzO/88iVFkn8gJOU+xEMYxEKBmikvl3xAo5APZDpCOg1rdfqfbvq1Jw56CpxC1IlBZp9+8sbJCyLeIxMgtY910nRz0GhYJJPy16meQpsDEPeMzSGiGs/n98+pWdGGdAwUaZipHP190QOkdaTKDCdEeBIL3sz8T+vl2F45eciTjPkMVssCjNJMaGzIOhAKM5QTgwBpoS5lbIRKGBo4iqbENzll1dJu15znZp7f1Ft3BRxlMgJOSXnxCWXpEHuSJO0CCNP5Jm8kjdrar1Y79bHonXNKmaOyR9Ynz+2gpLo</latexit><latexit sha1_base64="rrTk2nqDfeq34+PswLpAICgvPHc=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHaDoBch6MVjBPOA7BJ6J7PJkNkHM71iWPIrXjwo4tUf8ebfOEn2oIkFDUVVN91dQSqFRsf5ttbWNza3tks75d29/YND+6jS1kmmGG+xRCaqG4DmUsS8hQIl76aKQxRI3gnGtzO/88iVFkn8gJOU+xEMYxEKBmikvl3xAo5APZDpCOg1rdfqfbvq1Jw56CpxC1IlBZp9+8sbJCyLeIxMgtY910nRz0GhYJJPy16meQpsDEPeMzSGiGs/n98+pWdGGdAwUaZipHP190QOkdaTKDCdEeBIL3sz8T+vl2F45eciTjPkMVssCjNJMaGzIOhAKM5QTgwBpoS5lbIRKGBo4iqbENzll1dJu15znZp7f1Ft3BRxlMgJOSXnxCWXpEHuSJO0CCNP5Jm8kjdrar1Y79bHonXNKmaOyR9Ynz+2gpLo</latexit><latexit sha1_base64="rrTk2nqDfeq34+PswLpAICgvPHc=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHaDoBch6MVjBPOA7BJ6J7PJkNkHM71iWPIrXjwo4tUf8ebfOEn2oIkFDUVVN91dQSqFRsf5ttbWNza3tks75d29/YND+6jS1kmmGG+xRCaqG4DmUsS8hQIl76aKQxRI3gnGtzO/88iVFkn8gJOU+xEMYxEKBmikvl3xAo5APZDpCOg1rdfqfbvq1Jw56CpxC1IlBZp9+8sbJCyLeIxMgtY910nRz0GhYJJPy16meQpsDEPeMzSGiGs/n98+pWdGGdAwUaZipHP190QOkdaTKDCdEeBIL3sz8T+vl2F45eciTjPkMVssCjNJMaGzIOhAKM5QTgwBpoS5lbIRKGBo4iqbENzll1dJu15znZp7f1Ft3BRxlMgJOSXnxCWXpEHuSJO0CCNP5Jm8kjdrar1Y79bHonXNKmaOyR9Ynz+2gpLo</latexit>

�
<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>

�↵ = 8.0
<latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit><latexit sha1_base64="KoglJtwE8rGrH8OkuLOGIQNlr7s=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIYC9C0YvHCrYWmlAm20m7dPPB7kYsoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMC1LBlXacb6u0tr6xuVXeruzs7u0f2IfVjkoyybDNEpHIbgAKBY+xrbkW2E0lQhQIfAjGNzP/4RGl4kl8rycp+hEMYx5yBtpIfbvqBaiBeiDSEdAr2qg7fbvm1J056CpxC1IjBVp9+8sbJCyLMNZMgFI910m1n4PUnAmcVrxMYQpsDEPsGRpDhMrP57dP6alRBjRMpKlY07n6eyKHSKlJFJjOCPRILXsz8T+vl+mw4ec8TjONMVssCjNBdUJnQdABl8i0mBgCTHJzK2UjkMC0iatiQnCXX14lnfO669Tdu4ta87qIo0yOyQk5Iy65JE1yS1qkTRh5Is/klbxZU+vFerc+Fq0lq5g5In9gff4AvJ6S7A==</latexit>

�
<latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit><latexit sha1_base64="S2XWeZLfl/DBcqkmC18adcutedA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthbaUDbbTbN0P8LuRiihf8GLB0W8+oe8+W/ctDlo64OBx3szzMyLUs6M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlehA3lTNKOZZbTXqopFhGnj9HktvAfn6g2TMkHO01pKPBYspgRbAtp0E7YsN7wm/4caJUEJWlAifaw/jUYKZIJKi3h2Jh+4Kc2zLG2jHA6qw0yQ1NMJnhM+45KLKgJ8/mtM3TmlBGKlXYlLZqrvydyLIyZish1CmwTs+wV4n9eP7PxdZgzmWaWSrJYFGccWYWKx9GIaUosnzqCiWbuVkQSrDGxLp6aCyFYfnmVdC+agd8M7i8brZsyjiqcwCmcQwBX0II7aEMHCCTwDK/w5gnvxXv3PhatFa+cOYY/8D5/AOK5jh8=</latexit>

 
<latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit><latexit sha1_base64="95pgIJ6g9hUCMFVTpxtkl5tvDUE=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLvaYV/WrNr/tzkFUSFKQGBZr96ldvELNUcY1MUmu7gZ9gmFGDgkk+q/RSyxPKJnTEu45qqrgNs/mtM3LmlAEZxsaVRjJXf09kVFk7VZHrVBTHdtnLxf+8borD6zATOkmRa7ZYNEwlwZjkj5OBMJyhnDpCmRHuVsLG1FCGLp6KCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILGIzhGV7hzVPei/fufSxaS14xcwx/4H3+APNwjio=</latexit>
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<latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit><latexit sha1_base64="9texU6kT6z4QzQkGTlV/iI0X5xY=">AAACAnicbZDLSsNAFIYn9VbrLepK3AwWoYKURARdFgVxGcFeoAnhZDpphk4uzEyEUoobX8WNC0Xc+hTufBunbRba+sPAx3/O4cz5g4wzqSzr2ygtLa+srpXXKxubW9s75u5eS6a5ILRJUp6KTgCScpbQpmKK004mKMQBp+1gcD2ptx+okCxN7tUwo14M/YSFjIDSlm8euAFVgG98F3gWQc11InbqOpKd+GbVqltT4UWwC6iiQo5vfrm9lOQxTRThIGXXtjLljUAoRjgdV9xc0gzIAPq0qzGBmEpvND1hjI+108NhKvRLFJ66vydGEEs5jAPdGYOK5HxtYv5X6+YqvPRGLMlyRRMyWxTmHKsUT/LAPSYoUXyoAYhg+q+YRCCAKJ1aRYdgz5+8CK2zuq357rzauCriKKNDdIRqyEYXqIFukYOaiKBH9Ixe0ZvxZLwY78bHrLVkFDP76I+Mzx+f15ZG</latexit>

73 %27%

<latexit sha1_base64="d4MgbiNdIj29YWvFkqdX2L5J5Io="></latexit>

hf (x)i⇢⇤ = E⇢⇤ [f (x)]

<latexit sha1_base64="3trXTUkJSqGJkrMH6lItIqsEy5o="></latexit>

xi ⇠ ⇢⇤(x)

<latexit sha1_base64="YDA2R3EuNSo886FTfeJilRZRu3o="></latexit>

1

N

NX

i=1

f (xi) �!
N!1

E⇢⇤ [f (x)]

pick your preferred notation



How to sample? 3

▷ Monte Carlo simulations were first proposed in the late 1940s in problems related to high-energy physics.

▷ From these early beginning, the premises of two very important algorithms were set

o Importance Sampling

o Markov Chain Monte Carlo

• All purpose framework: Metropolis-Hastings sampling 

• Some versions inspired by physical dynamics you might have heard about: 
Langevin dynamics, Metropolis-Adjusted Langevin (MALA), Hamiltonian Monte Carlo (HMC)

NB: Metropolis can also be used to look for a free 
energy minima (cf Alisa’s talk)



▷ Context:       with unkown 

▷ Task: Compute expectations

▷ Method:

o Samples from proposal distribution

o Self-normalized weights

o Compute

o Asymptotically “unbiased”

4

<latexit sha1_base64="Rg1LrA+71/bq6BxzImlXy6x2Quk="></latexit>

E⇢⇤ [f (x)] ⇡
1

N

NX

i=1

wi f (xi)

wi =
⇢⇤(xi)/⇢p(xi)PN
i=1 ⇢⇤(xi)/⇢p(xi)

<latexit sha1_base64="Su/MQeXZfVmyj8qvdUsDB2Ovyhw="></latexit>

E⇢[f (x)] = lim
N!1

1

N

NX

i=1

wi f (xi)

<latexit sha1_base64="dutjPhbic3pk4VVUwhKbJNqbE44="></latexit>

wi =
e�U(xi )/⇢p(xi)PN
i=1 e

�U(xi )/⇢p(xi)

<latexit sha1_base64="nKsXpR0Fq1r2oVoYGX6XGQPfVNU="></latexit>

⇢p(x)

<latexit sha1_base64="tBcKRAJZTR8qCNR0PjKfn9nyW88="></latexit>

⇢⇤(x)

e.g. Gaussian, factorized, …

Importance Sampling
<latexit sha1_base64="OqPwAyAZ9CVeei+AR8vGRHXXOhw="></latexit>

⇢⇤(x) =
1

Z e
�U(x) <latexit sha1_base64="Z28O9oEdb2TUtAn2Che2WMPN4do="></latexit>

Z
<latexit sha1_base64="PPbpsBq5LxJ/lM8aJ1IuqYdOOCs="></latexit>

E⇢[f (x)] =
Z

⌦
f (x)⇢⇤(x)dx

<latexit sha1_base64="swvKXIxvrvwcOOdtuSfzVj6vT/w="></latexit>

xi ⇠ ⇢p(xi)



▷ Idea: design transition kernel such that chain produces samples from for    large

▷ Important example: 

5

Metropolis-Hastings sampler
Initialize:
Iterate:
o Propose

o Accept/Reject with prob.

o If reject stay

<latexit sha1_base64="e/WBbKYxSfLG+Lz/aK6ycW3VIHY="></latexit>x0

<latexit sha1_base64="Bc8CFasaimqIPleN7mYRJCcp5ZU="></latexit>

acc(xt+1|xt) = min

1,
⇢⇤(xt+1)⇢p(xt |xt+1)
⇢⇤(xt)⇢p(xt+1|xt)

�

<latexit sha1_base64="adpCVcUlKtVmciDlpBobtocr2NI="></latexit>

xt+1 ⇠ ⇢p(xt+1|xt)

<latexit sha1_base64="wMfZjTM/OqUxSFS6IiJpYzDtK9w="></latexit>

xt+1 = xt

[e.g. Liu. Monte Carlo Strategies in Scientific Computing, 2004
Brooks et al. Handbook of MCMC, 2011 

C. P. Robert & W. Changye, Markov Chain Monte Carlo Methods, A survey with some frequent misunderstandings, 2020]

Markov Chain Monte Carlo
<latexit sha1_base64="d4PrXSqk6T8ca7qaUH+CF8H4i4Q="></latexit>

⇡(xt+1|xt)
<latexit sha1_base64="hnYmreSZgoUvjtuaxKlbpJCOIvM="></latexit>x0, x1, . . . , xt

<latexit sha1_base64="WgVqsHPATH44wypCR3j1X7RpaCU="></latexit>

⇢⇤
<latexit sha1_base64="cBCtM3NNeXx5tlbyS4kXA5W1Rv0="></latexit>

t



▷ Shoot and reject/reweight algorithms: 
(e.g. Importance Sampling IS)

6

▷ Local exploration Markov chain Monte Carlo 
(MCMC) (e.g. Metropolis Adjusted Langevin) 

<latexit sha1_base64="JmZrEON6e60JQDWaFFJwVBhD9Bc="></latexit>

xi ⇠ ⇢prop(x)

High variance! High bias!

<latexit sha1_base64="cYhIbgyY0OmzzZUGQo8aUpVwoPM="></latexit>

w(xi) =
⇢⇤(x)

⇢prop(x)
Handles multimodality but 

does not scale with dimension!

Scales better with dimension but 

does not handle multimodality!

<latexit sha1_base64="6XTH4XgayLCTfQ3Sv2l7tivFfNI="></latexit>

E⇢⇤ [f (x)] =
Z

⌦
f (x)⇢⇤(x)dx ⇡

1

N

NX

i=1

w(xi)f (xi)

<latexit sha1_base64="5htkgbf9kJLJP5V5MXxlH+ltMuQ="></latexit>

E⇢⇤ [f (x)] =
Z

⌦
f (x)⇢⇤(x)dx ⇡

1

NT

TX

t=1

NX

i=1

f (x ti )

Why is sampling so hard?



Enhanced sampling algorithms
▷ Temperature based: 

o Couple the system to higher temperature copies of the same system driving the exploration 
and transitions between metastable states. 

o Example: Parallel Tempering (a.k.a. Replica Exchange)

o Challenges: Computationally costly, hard to tune (how high should the high temperature be? 
how close in temperature should be the replicas?)

▷ Collective variable based: 
o In cases where the metastability of interest can be described 

by an identifiable small collection of variables. 

o Example: Umbrella Sampling, Meta-dynamics, Adaptive Biasing Force 

o Challenges: Identifying this collective random variables (typically few)

7

[Marinari & Parisi (1992), Geyer & Thomson (1995), Neal (1998) etc.] 

[Fu et al. “Enhanced Sampling Based on Collective Variables.” 2023] 

<latexit sha1_base64="yYdS+9as0Z11FG/DLkFW4MknmQE=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgadkNIYm3gBePEcwDkiXMTnqTMbMzy8ysEJb8gxcPinj1f7z5N04eiBoLGoqqbrq7woQzbTzv08ltbG5t7+R3C3v7B4dHxeOTtpapotCikkvVDYkGzgS0DDMcuokCEoccOuHkeu53HkBpJsWdmSYQxGQkWMQoMVZq94HzgT8oljy3Ui37V3XsufVa2a942He9Bb5JCa3QHBQ/+kNJ0xiEoZxo3fO9xAQZUYZRDrNCP9WQEDohI+hZKkgMOsgW187whVWGOJLKljB4of6cyEis9TQObWdMzFj/9ebif14vNVE9yJhIUgOCLhdFKcdG4vnreMgUUMOnlhCqmL0V0zFRhBobUMGGsPbyOmmXXb/qVm8rpYa3iiOPztA5ukQ+qqEGukFN1EIU3aNH9IxeHOk8Oa/O27I156xmTtEvOO9fgQ2PDQ==</latexit>

`1

<latexit sha1_base64="TO/KORQTVTH4m0VQ6bzNywUGIZ4=">AAAB6HicdVDLSsNAFJ34rPVVdelmsAiuwqQ2sd0V3LhswT6gDWUymbRjJ5MwMxFK6Be4caGIWz/JnX/j9CGo6IELh3Pu5d57gpQzpRH6sNbWNza3tgs7xd29/YPD0tFxRyWZJLRNEp7IXoAV5UzQtmaa014qKY4DTrvB5Hrud++pVCwRt3qaUj/GI8EiRrA2UisclsrIRp7ruhWIbPeyWnc9Qyo1hFAdOjZaoAxWaA5L74MwIVlMhSYcK9V3UKr9HEvNCKez4iBTNMVkgke0b6jAMVV+vjh0Bs+NEsIokaaEhgv1+0SOY6WmcWA6Y6zH6rc3F//y+pmOan7ORJppKshyUZRxqBM4/xqGTFKi+dQQTCQzt0IyxhITbbIpmhC+PoX/k07Fdjzba1XLDbSKowBOwRm4AA64Ag1wA5qgDQig4AE8gWfrznq0XqzXZeuatZo5AT9gvX0CMUyNKw==</latexit>

d

<latexit sha1_base64="7QMnQspJoWhuOow3PWAjWP0F61Q=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8LbshJvEW8OIxgnlAsoTZSW8yZnZmmZkVwpJ/8OJBEa/+jzf/xskDUWNBQ1HVTXdXmHCmjed9OmvrG5tb27md/O7e/sFh4ei4pWWqKDSp5FJ1QqKBMwFNwwyHTqKAxCGHdji+nvntB1CaSXFnJgkEMRkKFjFKjJVaPeC8f9kvFD23XCn5VzXsubVqyS972He9Ob5JES3R6Bc+egNJ0xiEoZxo3fW9xAQZUYZRDtN8L9WQEDomQ+haKkgMOsjm107xuVUGOJLKljB4rv6cyEis9SQObWdMzEj/9Wbif143NVEtyJhIUgOCLhZFKcdG4tnreMAUUMMnlhCqmL0V0xFRhBobUN6GsPLyKmmVXL/iVm7Lxbq3jCOHTtEZukA+qqI6ukEN1EQU3aNH9IxeHOk8Oa/O26J1zVnOnKBfcN6/AIcdjxE=</latexit>

`5

Dihedral angles

Main chain of solvated polymer



▷ Ground-breaking progress has been made into generating high-quality data with neural nets
Architectures: GANs, VAE, Normalizing flows, Neural ODE, Score-based Diffusion models etc..
Famous models: Midjourney, ChatGPT etc..

▷ Deep latent generative models produce highly structured data points at negligible cost

▷ How can they be used for sampling? 

8

<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function

 

  

Forward SDE (data   noise) 

Reverse SDE (noise  data) 

score function[Song et al. ICLR 
2021]

<latexit sha1_base64="3I9MW3bDKsU2KlJGrXPtINkleW4=">AAACE3icbVDLSsNAFJ3UV62vapduBotQNyUpoi4LblxWsA9oSphMJ83QmSTM3Iih9DNcu9VvcCdu/QA/wb9w2mZhWw9cOJxzL+dy/ERwDbb9bRU2Nre2d4q7pb39g8Oj8vFJR8epoqxNYxGrnk80EzxibeAgWC9RjEhfsK4/vp353UemNI+jB8gSNpBkFPGAUwJG8soVV3OJXRXGngshA1J7uvDKVbtuz4HXiZOTKsrR8so/7jCmqWQRUEG07jt2AoMJUcCpYNOSm2qWEDomI9Y3NCKS6cFk/vwUnxtliINYmYkAz9W/FxMitc6kbzYlgVCvejPxP6+fQnAzmPAoSYFFdBEUpAJDjGdN4CFXjILIDCFUcfMrpiFRhILpaymFSl/xUQjTUsl046w2sU46jbpzVXfuL6vNRt5SEZ2iM1RDDrpGTXSHWqiNKMrQC3pFb9az9W59WJ+L1YKV31TQEqyvX9hnnb4=</latexit>

⇠ ⇢✓(x)
push-forward 
distribution

<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)

New dog picture for 
each new base 

variable!

<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3

<latexit sha1_base64="O1baf0S33oEIO9DzOYNcEO5vuJQ="></latexit>

T✓ : ⌦ 7! ⌦

<latexit sha1_base64="8HXjme2XaDOlf7qnLCqO9OXxLwg="></latexit>

⇢⇤(x) / e��U(x)

Q1: Guarantees on the quality of the output?

Q2: Training without extensive data?

[Ali Borji, Image and Vision Computing 2023]

<latexit sha1_base64="aU7EDfpQlP4KaoXm+9plEoR0jcE="></latexit>

D = {xi}Ni=1

sampling
generative 
modellingTask

Input

Ongoing revolution of generative modellig



Outline
1. Transport based generative models

1.1 Normalizing flows
1.2 Continuous normalizing flows
1.3 Diffusion models
1.4 Stochastic interpolants/flow matching

2. Generative models for sampling
2.1 NF Assisted sampling 
2.2 Variational training
2.3 Adaptive training and sampling
2.4 Free energy computations

Case study: Sampling Ag6 nanoclusters

3. Remaining challenges and ongoing research

Case study: Using CVs to sample

9



1.1 Normalizing Flows (NF) 10
▷ Parametrized invertible map

o Base distribution 

o Push-forward distribution

▷ How to construct an invertible parametrizable map? à The coupling layer trick

o Can be generalized beyond affine maps, as long as and are available + easy Jacobians 
e.g. Rational Quadratic Splines (RQS)

▷ Compose to get expressive maps

▷ Crucial property: Easy to sample from and tractable likelihood!

<latexit sha1_base64="O1baf0S33oEIO9DzOYNcEO5vuJQ="></latexit>

T✓ : ⌦ 7! ⌦
<latexit sha1_base64="sL92Hfdt2dAUCx7mDYeTDmcAeUo="></latexit>

⌦ ⇢ Rd

<latexit sha1_base64="XNPxblVKHmaWEfn/23jaO77FZok=">AAACKXicbZDLSgMxFIYz9VbrbdSlm2ARWoUyU0TdCAU3LivYC7TDkEkzbWjmQnJGWkqfwQdx7VafwZ26deVbmLaz6MUfAj/fOYdz8nux4Aos68vIrK1vbG5lt3M7u3v7B+bhUV1FiaSsRiMRyaZHFBM8ZDXgIFgzlowEnmANr383qTeemFQ8Ch9hGDMnIN2Q+5wS0Mg1i0PXxrdYuW3oMSCFgVsu4nM80PQCwzx1zbxVsqbCq8ZOTR6lqrrmb7sT0SRgIVBBlGrZVgzOiEjgVLBxrp0oFhPaJ13W0jYkAVPOaPqlMT7TpIP9SOoXAp7S+YkRCZQaBp7uDAj01HJtAv+rtRLwb5wRD+MEWEhni/xEYIjwJB/c4ZJREENtCJVc34ppj0hCQae4sIUGnuTdHoxzOZ2NvZzEqqmXS/ZVyX64zFesNKUsOkGnqIBsdI0q6B5VUQ1R9Ixe0Rt6N16MD+PT+J61Zox05hgtyPj5A8tFpDQ=</latexit>

y1 = s✓(x2) ⇤ x1 + t✓(x2)

<latexit sha1_base64="ld7DOQ2s7Bkc8M/h4imaDh+kbLY=">AAACB3icbVDLSsNAFL3xWeOr6tLNYBFclaSIuhEKblxWsA9pQ5hMJ+3QmSTMTMQQ+gGu3eo3uBO3foaf4F84bbOwrQcuHM65l3vvCRLOlHacb2tldW19Y7O0ZW/v7O7tlw8OWypOJaFNEvNYdgKsKGcRbWqmOe0kkmIRcNoORjcTv/1IpWJxdK+zhHoCDyIWMoK1kR4yv4au0ZNf88sVp+pMgZaJW5AKFGj45Z9ePyapoJEmHCvVdZ1EezmWmhFOx3YvVTTBZIQHtGtohAVVXj49eIxOjdJHYSxNRRpN1b8TORZKZSIwnQLroVr0JuJ/XjfV4ZWXsyhJNY3IbFGYcqRjNPke9ZmkRPPMEEwkM7ciMsQSE20ymttCRCDZYKjHtm2ycReTWCatWtW9qLp355W6U6RUgmM4gTNw4RLqcAsNaAIBAS/wCm/Ws/VufVifs9YVq5g5gjlYX7+M8Ziz</latexit>y2 = x2
<latexit sha1_base64="xHZuLCOi6B9usaFjyeOgHGsobsU=">AAACAXicbVDLSgNBEJyNr7i+oh69DAbBU9gNoh4DXjxGNA9IljA7md0MmZldZnrFEHLy7FW/wZt49Uv8BP/CSbIHk1jQUFR1090VpoIb8Lxvp7C2vrG5Vdx2d3b39g9Kh0dNk2SasgZNRKLbITFMcMUawEGwdqoZkaFgrXB4M/Vbj0wbnqgHGKUskCRWPOKUgJXun3rVXqnsVbwZ8Crxc1JGOeq90k+3n9BMMgVUEGM6vpdCMCYaOBVs4nYzw1JChyRmHUsVkcwE49mpE3xmlT6OEm1LAZ6pfyfGRBozkqHtlAQGZtmbiv95nQyi62DMVZoBU3S+KMoEhgRP/8Z9rhkFMbKEUM3trZgOiCYUbDoLW6gMNY8HMHFdm42/nMQqaVYr/mXFv7so17w8pSI6QafoHPnoCtXQLaqjBqIoRi/oFb05z8678+F8zlsLTj5zjBbgfP0CMW6W8A==</latexit>x2

<latexit sha1_base64="6TljLrgbFjtAjGgvqlSc+Jjq86k=">AAACAXicbVBNS8NAEN3Urxq/qh69LBbBU0lE1GPBi8eKthXaUDbbTbp0dxN2J2IJPXn2qr/Bm3j1l/gT/Bdu2xxs64OBx3szzMwLU8ENeN63U1pZXVvfKG+6W9s7u3uV/YOWSTJNWZMmItEPITFMcMWawEGwh1QzIkPB2uHweuK3H5k2PFH3MEpZIEmseMQpASvdPfX8XqXq1bwp8DLxC1JFBRq9yk+3n9BMMgVUEGM6vpdCkBMNnAo2druZYSmhQxKzjqWKSGaCfHrqGJ9YpY+jRNtSgKfq34mcSGNGMrSdksDALHoT8T+vk0F0FeRcpRkwRWeLokxgSPDkb9znmlEQI0sI1dzeiumAaELBpjO3hcpQ83gAY9e12fiLSSyT1lnNv6j5t+fVulekVEZH6BidIh9dojq6QQ3URBTF6AW9ojfn2Xl3PpzPWWvJKWYO0Rycr18v05bv</latexit>x1

<latexit sha1_base64="ONhabxCP8sVeWTzxCN8mrbgISVE=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXaptfFIUfaK1e8qjcDWSV+QSpQoN4r/3T7CcsUj5FJakzH91IMcqpRMMknbjczPKVsRAe8Y2lMFTdBPrt3Qs6t0idRom3FSGbq34mcKmPGKrSdiuLQLHtT8T+vk2F0G+QiTjPkMZsvijJJMCHT50lfaM5Qji2hTAt7K2FDqilDG9HCFqZCLQZDnLiuzcZfTmKVNC+r/nXVf7iq1LwipRKcwhlcgA83UIN7qEMDGEh4gVd4c56dd+fD+Zy3rjnFzAkswPn6BYmUmV0=</latexit>s✓
<latexit sha1_base64="mB/3iH35YiKSbLl8gzHjW41NZp4=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXa2OvikCPtlSte1ZuBrBK/IBUoUO+Vf7r9hGWKx8gkNabjeykGOdUomOQTt5sZnlI2ogPesTSmipsgn907IedW6ZMo0bZiJDP170ROlTFjFdpORXFolr2p+J/XyTC6DXIRpxnymM0XRZkkmJDp86QvNGcox5ZQpoW9lbAh1ZShjWhhC1OhFoMhTlzXZuMvJ7FKmpdV/7rqP1xVal6RUglO4QwuwIcbqME91KEBDCS8wCu8Oc/Ou/PhfM5b15xi5gQW4Hz9Aos2mV4=</latexit>

t✓

<latexit sha1_base64="4e4UZy8vnOag6aAseNJC21YI944=">AAAB/3icbVDLSgNBEJz1GddX1KOXwSCIh7Aroh4DXjwmYB6QLGF20psMmdldZnqFEHLw7FW/wZt49VP8BP/CSbIHk1jQUFR1090VplIY9LxvZ219Y3Nru7Dj7u7tHxwWj44bJsk0hzpPZKJbITMgRQx1FCihlWpgKpTQDIf3U7/5BNqIJH7EUQqBYv1YRIIztFLtslsseWVvBrpK/JyUSI5qt/jT6SU8UxAjl8yYtu+lGIyZRsElTNxOZiBlfMj60LY0ZgpMMJ4dOqHnVunRKNG2YqQz9e/EmCljRiq0nYrhwCx7U/E/r51hdBeMRZxmCDGfL4oySTGh069pT2jgKEeWMK6FvZXyAdOMo81mYQtXoRb9AU5c12bjLyexShpXZf+m7NeuSxUvT6lATskZuSA+uSUV8kCqpE44AfJCXsmb8+y8Ox/O57x1zclnTsgCnK9fgASV/Q==</latexit>⇤ <latexit sha1_base64="cbzT+WDoBXvWitt/RPndmR0SBiE=">AAAB/3icbVDLSgNBEJz1GddX1KOXwSAIQtgVUY8BLx4TMA9IljA76U2GzOwuM71CCDl49qrf4E28+il+gn/hJNmDSSxoKKq66e4KUykMet63s7a+sbm1Xdhxd/f2Dw6LR8cNk2SaQ50nMtGtkBmQIoY6CpTQSjUwFUpohsP7qd98Am1EEj/iKIVAsX4sIsEZWql22S2WvLI3A10lfk5KJEe1W/zp9BKeKYiRS2ZM2/dSDMZMo+ASJm4nM5AyPmR9aFsaMwUmGM8OndBzq/RolGhbMdKZ+ndizJQxIxXaTsVwYJa9qfif184wugvGIk4zhJjPF0WZpJjQ6de0JzRwlCNLGNfC3kr5gGnG0WazsIWrUIv+ACeua7Pxl5NYJY2rsn9T9mvXpYqXp1Qgp+SMXBCf3JIKeSBVUiecAHkhr+TNeXbenQ/nc9665uQzJ2QBztcvgZ+V/g==</latexit>

+

Affine coupling layer
<latexit sha1_base64="noIe/qo10NM4Av4/zzU2HXBs69U="></latexit>

T✓(x)

<latexit sha1_base64="ld7DOQ2s7Bkc8M/h4imaDh+kbLY=">AAACB3icbVDLSsNAFL3xWeOr6tLNYBFclaSIuhEKblxWsA9pQ5hMJ+3QmSTMTMQQ+gGu3eo3uBO3foaf4F84bbOwrQcuHM65l3vvCRLOlHacb2tldW19Y7O0ZW/v7O7tlw8OWypOJaFNEvNYdgKsKGcRbWqmOe0kkmIRcNoORjcTv/1IpWJxdK+zhHoCDyIWMoK1kR4yv4au0ZNf88sVp+pMgZaJW5AKFGj45Z9ePyapoJEmHCvVdZ1EezmWmhFOx3YvVTTBZIQHtGtohAVVXj49eIxOjdJHYSxNRRpN1b8TORZKZSIwnQLroVr0JuJ/XjfV4ZWXsyhJNY3IbFGYcqRjNPke9ZmkRPPMEEwkM7ciMsQSE20ymttCRCDZYKjHtm2ycReTWCatWtW9qLp355W6U6RUgmM4gTNw4RLqcAsNaAIBAS/wCm/Ws/VufVifs9YVq5g5gjlYX7+M8Ziz</latexit>y2 = x2
<latexit sha1_base64="xHZuLCOi6B9usaFjyeOgHGsobsU=">AAACAXicbVDLSgNBEJyNr7i+oh69DAbBU9gNoh4DXjxGNA9IljA7md0MmZldZnrFEHLy7FW/wZt49Uv8BP/CSbIHk1jQUFR1090VpoIb8Lxvp7C2vrG5Vdx2d3b39g9Kh0dNk2SasgZNRKLbITFMcMUawEGwdqoZkaFgrXB4M/Vbj0wbnqgHGKUskCRWPOKUgJXun3rVXqnsVbwZ8Crxc1JGOeq90k+3n9BMMgVUEGM6vpdCMCYaOBVs4nYzw1JChyRmHUsVkcwE49mpE3xmlT6OEm1LAZ6pfyfGRBozkqHtlAQGZtmbiv95nQyi62DMVZoBU3S+KMoEhgRP/8Z9rhkFMbKEUM3trZgOiCYUbDoLW6gMNY8HMHFdm42/nMQqaVYr/mXFv7so17w8pSI6QafoHPnoCtXQLaqjBqIoRi/oFb05z8678+F8zlsLTj5zjBbgfP0CMW6W8A==</latexit>x2

<latexit sha1_base64="ONhabxCP8sVeWTzxCN8mrbgISVE=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXaptfFIUfaK1e8qjcDWSV+QSpQoN4r/3T7CcsUj5FJakzH91IMcqpRMMknbjczPKVsRAe8Y2lMFTdBPrt3Qs6t0idRom3FSGbq34mcKmPGKrSdiuLQLHtT8T+vk2F0G+QiTjPkMZsvijJJMCHT50lfaM5Qji2hTAt7K2FDqilDG9HCFqZCLQZDnLiuzcZfTmKVNC+r/nXVf7iq1LwipRKcwhlcgA83UIN7qEMDGEh4gVd4c56dd+fD+Zy3rjnFzAkswPn6BYmUmV0=</latexit>s✓
<latexit sha1_base64="mB/3iH35YiKSbLl8gzHjW41NZp4=">AAACBnicbVBNS8NAEJ34WeNX1aOXxSJ4KomIeix48VjBfkAbyma7aZfuJmF3IpTQu2ev+hu8iVf/hj/Bf+G2zcG2Phh4vDfDzLwwlcKg5307a+sbm1vbpR13d2//4LB8dNw0SaYZb7BEJrodUsOliHkDBUreTjWnKpS8FY7upn7riWsjkvgRxykPFB3EIhKMopXa2OvikCPtlSte1ZuBrBK/IBUoUO+Vf7r9hGWKx8gkNabjeykGOdUomOQTt5sZnlI2ogPesTSmipsgn907IedW6ZMo0bZiJDP170ROlTFjFdpORXFolr2p+J/XyTC6DXIRpxnymM0XRZkkmJDp86QvNGcox5ZQpoW9lbAh1ZShjWhhC1OhFoMhTlzXZuMvJ7FKmpdV/7rqP1xVal6RUglO4QwuwIcbqME91KEBDCS8wCu8Oc/Ou/PhfM5b15xi5gQW4Hz9Aos2mV4=</latexit>

t✓

<latexit sha1_base64="Q28wZiFPoZhwr2CDyRbosuxiMz0=">AAAB/3icbVDLSgNBEJz1GddX1KOXwSB4MeyKqMeAF48JmAckS5id9CZDZnaXmV4hhBw8e9Vv8CZe/RQ/wb9wkuzBJBY0FFXddHeFqRQGPe/bWVvf2NzaLuy4u3v7B4fFo+OGSTLNoc4TmehWyAxIEUMdBUpopRqYCiU0w+H91G8+gTYiiR9xlEKgWD8WkeAMrVS77BZLXtmbga4SPyclkqPaLf50egnPFMTIJTOm7XspBmOmUXAJE7eTGUgZH7I+tC2NmQITjGeHTui5VXo0SrStGOlM/TsxZsqYkQptp2I4MMveVPzPa2cY3QVjEacZQszni6JMUkzo9GvaExo4ypEljGthb6V8wDTjaLNZ2MJVqEV/gBPXtdn4y0msksZV2b8p+7XrUsXLUyqQU3JGLohPbkmFPJAqqRNOgLyQV/LmPDvvzofzOW9dc/KZE7IA5+sXhNWWAA==</latexit>�
<latexit sha1_base64="c85NjDQqlAi+CPt+89zAMNTi33o=">AAAB/3icbVDLSgNBEJyNr7i+oh69DAbBg8RdEfUY8OIxAfOAZAmzk95kyMzsMjMrhCUHz171G7yJVz/FT/AvnCR7MIkFDUVVN91dYcKZNp737RTW1jc2t4rb7s7u3v5B6fCoqeNUUWjQmMeqHRINnEloGGY4tBMFRIQcWuHofuq3nkBpFstHM04gEGQgWcQoMVaqX/ZKZa/izYBXiZ+TMspR65V+uv2YpgKkoZxo3fG9xAQZUYZRDhO3m2pICB2RAXQslUSADrLZoRN8ZpU+jmJlSxo8U/9OZERoPRah7RTEDPWyNxX/8zqpie6CjMkkNSDpfFGUcmxiPP0a95kCavjYEkIVs7diOiSKUGOzWdhCRajYYGgmrmuz8ZeTWCXNq4p/U/Hr1+XqRZ5SEZ2gU3SOfHSLqugB1VADUQToBb2iN+fZeXc+nM95a8HJZ47RApyvX4bXlf4=</latexit>

/
<latexit sha1_base64="FhNJRqe5Zi6YHSHh5R64UOAwAMA=">AAACAXicbVDLSsNAFJ3UV62vqks3g0VwVRIRdVlw47KifUAbymQ6SYfOTMLMjRBCV67d6je4E7d+iZ/gXzhts7CtBy4czrmXe+8JEsENuO63U1pb39jcKm9Xdnb39g+qh0dtE6eashaNRay7ATFMcMVawEGwbqIZkYFgnWB8O/U7T0wbHqtHyBLmSxIpHnJKwEoP2cAbVGtu3Z0BrxKvIDVUoDmo/vSHMU0lU0AFMabnuQn4OdHAqWCTSj81LCF0TCLWs1QRyYyfz06d4DOrDHEYa1sK8Ez9O5ETaUwmA9spCYzMsjcV//N6KYQ3fs5VkgJTdL4oTAWGGE//xkOuGQWRWUKo5vZWTEdEEwo2nYUtVAaaRyOYVCo2G285iVXSvqh7V3Xv/rLWcIuUyugEnaJz5KFr1EB3qIlaiKIIvaBX9OY8O+/Oh/M5by05xcwxWoDz9QsxcJbw</latexit>y1

Inverse layer
<latexit sha1_base64="zwIHP1uD2iSD4dKiz5MmXv6oYBg="></latexit>

T�1✓ (y)

<latexit sha1_base64="zvN/mj7YGtT+zkHnvBx805xqJS0=">AAACMXicbVDLSsNAFJ3UV42vqks3g0WoC0tSRN0IBTcuK9gHtCVMppNm6OTBzI0YQr/DD3HtVr+hO3En/oTTNgvbemDg3HPu5d45biy4AsuaGIW19Y3NreK2ubO7t39QOjxqqSiRlDVpJCLZcYligoesCRwE68SSkcAVrO2O7qZ++4lJxaPwEdKY9QMyDLnHKQEtOSX72bHxLcY9TxKa4VRXFxicHvgMSCV1aufjTC2UTqlsVa0Z8Cqxc1JGORpO6bs3iGgSsBCoIEp1bSuGfkYkcCrY2OwlisWEjsiQdTUNScBUP5t9bYzPtDLAXiT1CwHP1L8TGQmUSgNXdwYEfLXsTcX/vG4C3k0/42GcAAvpfJGXCAwRnuaEB1wyCiLVhFDJ9a2Y+kSHBDrNhS00cCUf+jA2TZ2NvZzEKmnVqvZV1X64LNetPKUiOkGnqIJsdI3q6B41UBNR9ILe0Dv6MF6NifFpfM1bC0Y+c4wWYPz8AnnKqEY=</latexit>

x1 =
y1 � t✓(y2)
s✓(y2)

Block triangular Jacobian:
<latexit sha1_base64="wMjXkpN5nKBQjM/3+hKg2MT2TZE="></latexit>

rxT✓(x) =

s✓(x2)Id/2 A
0 Id/2

�

<latexit sha1_base64="QT+ljxqSlgq79dLQrvQWdP5Iedk=">AAACEnicbVDLSsNAFJ3UV42vWJduBotQNyUpUt0IBTcuK9gHtCFMppN26EwSZibSEPIXrt3qN7gTt/6An+BfOG2z0NYDFw7n3Mu5HD9mVCrb/jJKG5tb2zvlXXNv/+DwyDqudGWUCEw6OGKR6PtIEkZD0lFUMdKPBUHcZ6TnT2/nfu+RCEmj8EGlMXE5Goc0oBgpLXlWJfUceAMDL5t5jbw285wLz6radXsBuE6cglRBgbZnfQ9HEU44CRVmSMqBY8fKzZBQFDOSm8NEkhjhKRqTgaYh4kS62eL3HJ5rZQSDSOgJFVyovy8yxKVMua83OVITuerNxf+8QaKCazejYZwoEuJlUJAwqCI4LwKOqCBYsVQThAXVv0I8QQJhpev6k4K5L+h4onLT1N04q02sk26j7jTrzfvLassuWiqDU3AGasABV6AF7kAbdAAGM/AMXsCr8WS8Ge/Gx3K1ZBQ3J+APjM8fb+qcWA==</latexit>

y1 = fx2(x1)
<latexit sha1_base64="JTmS6oFpqp0lVvNwnbcpa9eTODI=">AAACF3icbVDLSsNAFJ3UV42vqAsXbgaLUBeWTJHqRii4cVnBPqCNYTKdtEMnD2YmYgj5ENdu9RvciVuXfoJ/4fSxsK0HLhzOuZd77/FizqSy7W+jsLK6tr5R3DS3tnd296z9g5aMEkFok0Q8Eh0PS8pZSJuKKU47saA48Dhte6Obsd9+pEKyKLxXaUydAA9C5jOClZZc6+jJRfAa+m6WutX8ITtHeTl10ZlrleyKPQFcJmhGSmCGhmv99PoRSQIaKsKxlF1kx8rJsFCMcJqbvUTSGJMRHtCupiEOqHSyyQM5PNVKH/qR0BUqOFH/TmQ4kDINPN0ZYDWUi95Y/M/rJsq/cjIWxomiIZku8hMOVQTHacA+E5QonmqCiWD6VkiGWGCidGZzW0jgCTYYqtw0dTZoMYll0qpWUK1Su7so1e1ZSkVwDE5AGSBwCergFjRAExCQgxfwCt6MZ+Pd+DA+p60FYzZzCOZgfP0CCWuePw==</latexit>

x1 = f
�1
y2 (y1)

Durkan et al, “Neural Spline Flows.” NIPS 2019. 

[Tabak & Vanden Eijnden Commun. Math. Sci. 2010,  
Papamakarios, et al JMLR 2021 (review)]

Dinh et al “Density Estimation Using Real Nvp.” ICLR 2027

<latexit sha1_base64="yiXGcYfUYAViNuffGUwDBYUNNfI=">AAACUHicbZDLSsNAFIZP6j3eoi7dDBbBVUm0VDeC4MZlhV6EJoTJdNoOTi7MnAgl5LV8EHeCWwXfwJ1OL4JaDwzz8/3ncGb+KJNCo+s+W5Wl5ZXVtfUNe3Nre2fX2dvv6DRXjLdZKlN1F1HNpUh4GwVKfpcpTuNI8m50fz3xuw9caZEmLRxnPIjpMBEDwSgaFDrNVujjiCMll6QVFjMd1kviM6HYD3S2iE4XkVeGTtWtudMii8KbiyrMqxk6734/ZXnME2SSat3z3AyDgioUTPLS9nPNM8ru6ZD3jExozHVQTH9ekmND+mSQKnMSJFP6c6KgsdbjODKdMcWR/utN4H9eL8fBRVCIJMuRJ2y2aJBLgimZxEj6QnGGcmwEZUqYtxI2oooyNGH/2sLiSInhCEvbNtl4f5NYFJ3TmteoNW7r1St3ntI6HMIRnIAH53AFN9CENjB4hBd4hTfryfqwPivWrPX7hgP4VRX7C0KZtDQ=</latexit>

T✓ = T✓4 � T✓3 � T✓2 � T✓1

<latexit sha1_base64="a/oi9rNRcsOmna02fCw/TfLbYUA="></latexit>

z ⇠ ⇢B(z)
<latexit sha1_base64="QBWRxnRBY4iB5Yd3Go3Lh1cW63I=">AAACEHicbVDLSsNAFJ3UV42vqEs3g0Wom5KIVDdCwY3LCn0IbQiT6aQdOnkwc1OsoT/h2q1+gztx6x/4Cf6F0zYL23rgwuGcezmX4yeCK7Dtb6Owtr6xuVXcNnd29/YPrMOjlopTSVmTxiKWDz5RTPCINYGDYA+JZCT0BWv7w9up3x4xqXgcNWCcMDck/YgHnBLQkmdZj/gGN7wuDBiQ8tM59qySXbFnwKvEyUkJ5ah71k+3F9M0ZBFQQZTqOHYCbkYkcCrYxOymiiWEDkmfdTSNSMiUm80+n+AzrfRwEEs9EeCZ+vciI6FS49DXmyGBgVr2puJ/XieF4NrNeJSkwCI6DwpSgSHG0xpwj0tGQYw1IVRy/SumAyIJBV3WQgoNfcn7A5iYpu7GWW5ilbQuKk61Ur2/LNXsvKUiOkGnqIwcdIVq6A7VURNRNEIv6BW9Gc/Gu/FhfM5XC0Z+c4wWYHz9Ahoim6Q=</latexit>

x = T✓(z)
<latexit sha1_base64="3ADIN0VDGb9Tg4nY9Ha2t6LkrCM="></latexit>

⇠ ⇢✓(x) = ⇢B(T�1✓ (x)) det
��rxT�1✓

��

<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)
<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)
<latexit sha1_base64="duba844qdsi905LAHYhW+m5Yq3w=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIAN/UKl6NW8OvE78glRRgeag8tMfJjSTTAEVxJie76UQ5EQDp4JN3X5mWEromIxYz1JFJDNBPr93ii+sMsRRom0pwHP170ROpDETGdpOSSA2q95M/M/rZRDdBjlXaQZM0cWiKBMYEjx7Hg+5ZhTExBJCNbe3YhoTTSjYiJa2UBlqPoph6ro2G381iXXSrtf865r/cFVt1IuUyugMnaNL5KMb1ED3qIlaiCKBXtArenOenXfnw/lctJacYuYULcH5+gUgHJkd</latexit>

✓1
<latexit sha1_base64="C79hnAlPPcvVb/cE29DkcS9sivQ=">AAACBnicbVDLSsNAFJ3UV42vqks3g0VwVZIi6rLgxmUF+4A2lMl00gydmYSZG6GE7l271W9wJ279DT/Bv3DaZmFbD1w4nHMv994TpoIb8Lxvp7SxubW9U9519/YPDo8qxydtk2SashZNRKK7ITFMcMVawEGwbqoZkaFgnXB8N/M7T0wbnqhHmKQskGSkeMQpASt1+xAzIIP6oFL1at4ceJ34BamiAs1B5ac/TGgmmQIqiDE930shyIkGTgWbuv3MsJTQMRmxnqWKSGaCfH7vFF9YZYijRNtSgOfq34mcSGMmMrSdkkBsVr2Z+J/XyyC6DXKu0gyYootFUSYwJHj2PB5yzSiIiSWEam5vxTQmmlCwES1toTLUfBTD1HVtNv5qEuukXa/51zX/4araqBcpldEZOkeXyEc3qIHuURO1EEUCvaBX9OY8O+/Oh/O5aC05xcwpWoLz9Qsht5ke</latexit>

✓2
<latexit sha1_base64="bRAdQJ07h5D4lhkVAaFvw6oY9Fo=">AAACBnicbVDLSsNAFJ34rPFVdelmsAiuSlJFXRbcuKxgH9CGMplOmqEzkzBzI5TQvWu3+g3uxK2/4Sf4F07bLGzrgQuHc+7l3nvCVHADnvftrK1vbG5tl3bc3b39g8Py0XHLJJmmrEkTkehOSAwTXLEmcBCsk2pGZChYOxzdTf32E9OGJ+oRxikLJBkqHnFKwEqdHsQMSP+yX654VW8GvEr8glRQgUa//NMbJDSTTAEVxJiu76UQ5EQDp4JN3F5mWEroiAxZ11JFJDNBPrt3gs+tMsBRom0pwDP170ROpDFjGdpOSSA2y95U/M/rZhDdBjlXaQZM0fmiKBMYEjx9Hg+4ZhTE2BJCNbe3YhoTTSjYiBa2UBlqPoxh4ro2G385iVXSqlX966r/cFWp14qUSugUnaEL5KMbVEf3qIGaiCKBXtArenOenXfnw/mct645xcwJWoDz9QsjUpkf</latexit>

✓3

<latexit sha1_base64="O1baf0S33oEIO9DzOYNcEO5vuJQ="></latexit>

T✓ : ⌦ 7! ⌦

Discrete data?
Autoregressive 

models!
Benigno et al. JMLR 2016.

“Neural Autoregressive Distribution Estimation.” 

Transport!



▷ Parametrized invertible map

o Base distribution 

o Push-forward distribution

▷ Training is straightforward thanks to the tractable likelihood

▷ Maximum likelihood
o Given data samples 

o Likelihood of parameter  :  (independent samples) 

o Negative log-likelihood loss: 

1.1 Normalizing Flows (NF) training 11

▷ Parametrized invertible map

o Base distribution 

o Push-forward distribution

<latexit sha1_base64="DnTYyht3xWsB74QpAOI8UWMqgLw=">AAACEHicbVDLSsNAFJ34rPEVdelmsAh1U5Ii6kYouHFZoS9oQ5hMJ83QyYOZm2IN/QnXbvUb3Ilb/8BP8C+cPha29cCFwzn3ci7HTwVXYNvfxtr6xubWdmHH3N3bPzi0jo6bKskkZQ2aiES2faKY4DFrAAfB2qlkJPIFa/mDu4nfGjKpeBLXYZQyNyL9mAecEtCSZ1mP+BbXvS6EDEjp6QJ7VtEu21PgVeLMSRHNUfOsn24voVnEYqCCKNVx7BTcnEjgVLCx2c0USwkdkD7raBqTiCk3n34+xuda6eEgkXpiwFP170VOIqVGka83IwKhWvYm4n9eJ4Pgxs15nGbAYjoLCjKBIcGTGnCPS0ZBjDQhVHL9K6YhkYSCLmshhUa+5P0Qxqapu3GWm1glzUrZuSo7D5fFamXeUgGdojNUQg66RlV0j2qogSgaohf0it6MZ+Pd+DA+Z6trxvzmBC3A+PoFGSKboQ==</latexit>

x = T✓(z)
<latexit sha1_base64="155LbBMdpfVG7nd6GDSYHwPhmRs=">AAACFXicbVDLSsNAFJ34rPUVFdy4GSxC3ZSkiLosunFZwT6gCWEynTRDZ5IwMxHamO9w71Z/wZ24de0f+BlO2yxs64ELh3Pu5VyOnzAqlWV9Gyura+sbm6Wt8vbO7t6+eXDYlnEqMGnhmMWi6yNJGI1IS1HFSDcRBHGfkY4/vJ34nUciJI2jBzVKiMvRIKIBxUhpyTOPx9CRlENHhLGXOYLDm7w6PvfMilWzpoDLxC5IBRRoeuaP049xykmkMENS9mwrUW6GhKKYkbzspJIkCA/RgPQ0jRAn0s2m/+fwTCt9GMRCT6TgVP17kSEu5Yj7epMjFcpFbyL+5/VSFVy7GY2SVJEIz4KClEEVw0kZsE8FwYqNNEFYUP0rxCESCCtd2VwK5r6gg1DlZV2NvVjEMmnXa/Zlzb6/qDTqRUklcAJOQRXY4Ao0wB1oghbA4Am8gFfwZjwb78aH8TlbXTGKmyMwB+PrF/pqnos=</latexit>

z ⇠ ⇢B(z)
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▷ Parametrized invertible map

o Base distribution 

o Output defined through a parametrized dynamical process

o Learnable velocity field 
o Time plays an analogous role to depth in model defined by composition
o Typically uses adaptive integrators (non-constant time step)

▷ Computing the likelihood also requires integrating an ODE 

o Instantaneous change of variable formula

▷ Training? Still by maximum likelihood. What is hard about it?
o Computing derivative through integrals à adjoint method à

12

Chen et al. “Neural Ordinary Differential Equations.”  NeurIPS 2019

github.com/rtqichen/torchdiffeq
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1.2 Continuous normalizing flow, Neural ODE Ordinary 
Differential Equation

⟹
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▷ Continuous NF are heavier than their discrete counterparts, so why use them? 
o Possibly more expressive
o More importantly allows to incorporate symmetries

▷ Idea is to constrain our learned distribution to be invariant under a given group symmetry  

For          ,

▷ We still want the nice properties of transport-based models

o Consider an invariant based distribution

o Equivariant velocity filed

o The resulting is invariant with respect to  

▷ How to construct an equivariant velocity field? 
o Option 1: Consider invariant function engineered by hand , take the gradient

o Option 2: Rely on dedicated libraries relying on more fundamental principles, e.g.

Köhler et al, “Equivariant Flows: Exact Likelihood Generative Learning for Symmetric  Densities” ICML 2020
Garcia Satorras et al, “E (n) equivariant normalizing flows”, Neurips 2021
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github.com/QUVA-Lab/e2cnn
github.com/e3nn/e3nn  

1.2 Continuous normalizing flows with invariances

(cf Ilia’s talk!)

(easy to sample + 
tractable likelihood)



▷ Noising and denoising stochastic differential equations 

▷ The backward SDE samples (approximately) from the data distribution at time 

But the so-called score function is unknown

▷ Score can be learned by denoising score matching (no need to compute the likelihood anymore)

o Loss

▷ Although, one can compute the likelihood using the ODE equivalent to the reverse SDE
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1.3 Diffusion models 14
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Generative process !

Conditional distribution:
Gaussian, easy

to evaluate and to sample
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Sohl-Dickstein et al. “Deep Unsupervised Learning Using Nonequilibrium Thermodynamics.” ICML 2015,
Ho et al. “Denoising Diffusion Probabilistic Models.” NeurIPS 2020, 
Song et al. “Score-Based Generative Modeling through Stochastic Differential Equations.” ICLR 2021
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1.3 Diffusion models
▷ Advantages

o Can incorporate invariances
e.g. for rotation invariance: add to the invariant base distribution and an equivariant score of the 
CNF the assumption of an isotropic noise.

o Computationally lighter than Continuous Normalizing flows à in particular the loss is much 
cheaper to evaluate

▷ Already quite impressive for generating molecular structure

15

Hoogeboom et al, "Equivariant Diffusion for Molecule Generation in 3D" ICML 2022

Corso et al, “DiffDock: Diffusion Steps, Twists, and Turns for Molecular Docking”, ICLR 2023
Watson et al. “De Novo Design of Protein Structure and Function with RFdiffusion.” Nature 2023
Abramson et al. “Accurate structure prediction of biomolecular interactions with AlphaFold 3”. Nature 2024.

AlphaFold 3

RF diffusion DiffDock



1.4 Flow matching / stochastic interpolant models
▷ Build a bridge between two arbitrary distributions

▷ The distribution is also generated by an ODE

with

▷ Close cousins to diffusion models, differences/advantages
o Base distribution can be arbitrary

o The process bridges the two distribution exactly between times 0 and 1

o But requires to choose an interpolant (how?)

16

Albergo et al, “Building Normalizing Flows with Stochastic Interpolants”, ICLR 2022
Lipman et al, “Flow Matching for Generative Modeling,” ICLR 2022
Albergo et al, “Stochastic Interpolants: A Unifying Framework for Flows and Diffusions”, JMLR 2024 

https://github.com/malbergo/stochastic-interpolants
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Summary of part 1
▷ Transport based generative models allows to evaluate the likelihood of the generator

▷ Normalizing flows (NFs) rely on compositions of simple invertible layers

▷ Continuous normalizing flows (CNFs) parametrize the transport with a velocity field and an ODE 
o They are computationally heavier than NFs but are typically more expressive. 
o They can be made invariant to desired symmetries by considering:

• invariant base distributions 
• equivariant velocity field.

▷ Diffusion models parametrize the transport with a Stochastic Differential Equation. 
o They learn the score of a noising process to generate data through the backward denoising process.
o They are computationally lighter than continuous normalizing flows but can be made invariant equally.

▷ Flow matchings (a.k.a. stochastic interpolant) are close cousins with more flexibility for the base distributions 

17



Outline
1. Transport based generative models

1.1 Normalizing flows
1.2 Continuous normalizing flows
1.3 Diffusion models
1.4 Stochastic interpolants/flow matching

2. Generative models for sampling
2.1 NF Assisted sampling 
2.2 Variational training
2.3 Adaptive training and sampling
2.4 Free energy computations

Case study: Sampling Ag6 nanoclusters

3. Remaining challenges and ongoing research

Case study: Using CVs to sample
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Q1: Guarantees on the quality of the output?

Recall: main challenges in sampling with generative models 19
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Q2: Training without extensive data?

[Ali Borji, Image and Vision Computing 2023]
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sampling
generative 
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Input



Generative models for sampling: first ideas 20

ICML 2015

PRL 2019

PRD 2019
Science 2019



2.1 NF assisted sampling 21
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▷ Importance sampling: 

rely on adapated tractable proposal!
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▷ Markov Chain Monte Carlo: e.g. Metropolis Hastings 

rely on global proposal!
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Q1: Guarantees on the quality of the output? Q2: Training without extensive data?

Jumping ahead: suppose you can train a NF model  , what do you gain? 

Computing the weights and the accept-reject criteria requires the computation of the model likelihood!



2.2 Variational training of NFs for sampling
▷ A data-free learning objective:  the (reverse) Kullback-Leibler divergence

22
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Weiss, P. (1907). L’hypothèse du champ moléculaire et la propriété ferromagnétique. 
Rezende et al. ICML 205, Wu et al. PRL 2019, Albergo et al PRD 2019

Mode collapse! 
Adhoc fixes in these first papers (annealing and adding data!)



2.3 Adaptive training and sampling:
Learning a non-local proposal while sampling

23

▷ Simultaneously training the flow and sampling by looping over 3 steps:

▷ FlowMC full algorithm adressing the key questions
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[MG, Rotskoff, Vanden-Eijnden PNAS 2022 , Parno & Marzouk 2018 SIAM Journal of Uncertainty; Naesseth et al. Neurips 2020]

Q1: Guarantees on the quality of the output?

Q2: Training without extensive data?

No free lunch!



2.4 Computing free energy differences
▷ Once trained to approximate a target distribution , transport-based generative models 

can assist free energy estimation

▷ Idea behind targeted free energy perturbation (TFEP):

▷ Benett Acceptance Ratio (BAR) calculations are related and have typically smaller variance.

▷ Proof of concepts for computing the free energy differences with NFs
o between the target model and a simplified theory (used as a base)
o between a crystal (used as a base) and the thermodynamical state at a given temperature 
o of binding events (using a NF for bound structure and one for unbound)

24

Wirnsberger et al.“Targeted Free Energy Estimation via Learned Mappings.” J. Chem. Phys. 2021.
Ding et al. “DeepBAR: A Fast and Exact Method for Binding Free Energy Computation”, J. Chem. Phys. 2021
Jia et al, “Normalizing Constant Estimation with Gaussianized Bridge Sampling”, AABI 2019 Proceedings
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Very much à la importance sampling
NB: If the model is not normalized, we obtain a free energy difference between the model and the target.  

Ding et al. “DeepBAR”, J. Chem. Phys. 2021

Physical energies Model energies

Jarzynski, C. “Targeted Free Energy Perturbation.”PRE 2002



Summary for part 2

▷ The tractable likelihood of transport based models make it possible to insert them in Monte Carlo 
approximation strategies guaranteeing the quality of the outputs.

▷ Training is performed either using a data-free variational objective (but be careful for mode collapse) or 
a self-consistent loop of sampling and training.

▷ The trained model can also be employed to compute free energy differences.
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Outline
1. Transport based generative models

1.1 Normalizing flows
1.2 Continuous normalizing flows
1.3 Diffusion models
1.4 Stochastic interpolants/flow matching

2. Generative models for sampling
2.1 NF Assisted sampling 
2.2 Variational training
2.3 Adaptive training and sampling
2.4 Free energy computations

Case study: Sampling Ag6 nanoclusters

3. Remaining challenges and ongoing research

Case study: Using CVs to sample
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▷ Multiple isomers of silver nanoclusters are credibly stable at room temperature

▷ Transitions between metastable states cannot be observed through
molecular dynamics as they happen on long time scales

▷ We can use the flowMC pipeline to equilibrate an MCMC across isomers

An example of the pipeline put into practice:
Sampling Ag6 nanoclusters at quantum accuracy

28

Molina-Taborda, Cossio, Lopez-Acevedo, MG. “Active Learning of Boltzmann Samplers and Potential Energies with Quantum Mechanical Accuracy.” JCTC 2024
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▷ Multiple isomers of silver nanoclusters are credibly stable at room temperature

▷ Transitions between metastable states cannot be observed through
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State of affairs
▷ Proofs of concepts of using generative models for sampling physical systems

▷ Limits arise when it becomes difficult to obtain through training, 
either because of the complexity of the landscape or because of the dimension

31

An incomplete selection A recent review/opinion paper
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To overcome the curse of dimensionality, 
combine learning with physics’ knowledge!



▷ Sometimes the measure can decompose into hard/easy d.o.f.

▷ Remains the marginal on the variable(s) describing the metastability (a.k.a. Collective Variables)

▷ Intuition: focus efforts on low-dimensional problem (use ML!)

▷ Issues: the marginal is intractable so we cannot directly derive a sampling algorithm for it

Leveraging a low dimensional representation of metastability 33
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▷ Create a jump towards a newly proposed 

▷ Discrete N steps schedule for CV
(e.g. linear interpolation)

▷ Propose relaxation-steps for the rest recursively

▷ Apply the accept/reject criteria
o Path-proposal probability density

o Considering the same path backward, it as probability

o Acceptance criteria sufficient for getting to the invariant distribution

Non-equilibrium path proposals & accept/reject 34

[Tamagnone, Laio, MG, "Coarse-Grained Molecular Dynamics with Normalizing Flows", JCTC 2024, 
Schönle, MG, Lelièvre, Stoltz “Sampling metastable systems using collective variables and Jarzynski-Crooks paths”, 2405.18160] 
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Local steps

Non-local
Steered update

Training steps

Main loop

Steer CV

Propose new CV value

NF

Generate full-atom path from steered CV 

proposed 
CV

previous CV

Metropolis Accept/Reject

full proposalprevious state

How to learn the coarsed-grained proposal: adaptively! 35
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6d CV space

▷ A test system of a 9-bead polymer in solvent with two stabilized states:

▷ The adaptive loop with steered stes

Energy barrier in 
CV space

Inner loop

[Tamagnone, Laio, MG, "Coarse-Grained Molecular Dynamics with Normalizing Flows", JCTC 2024] 
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▷ Produces converged free energies in CV space with 25% acceptance of non-local moves
(35,000 steps in steered path dependending weakly on the energy barrier in CV)
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[Tamagnone, Laio, MG, "Coarse-Grained Molecular Dynamics with Normalizing Flows", JCTC 2024] 

Promising results for this hybrid ML-CV approach



Perspective/Conclusion

▷ Progess in generative modelling suggests a road to powerfull machine learning enhanced samplers 
which can speed up the simulation of equilibrium thermodynamics (or Bayesian posteriors)!

▷ These methods appear to be efficient “all-purpose” samplers for problems in moderate dimension.

▷ Reaching the level of training accuracy required for complex systems such as proteins is not trivial.

▷ Combining machine learning & physics will allow us to fully explore the potential of these 
approaches.
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Thank you!
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